Published by Institute of Physics Publishing for SISSA/ISAS Received: May 1, 2003 Revised: June 16, 2003 Accepted: July 2, 2003

Open strings in the plane wave background II: superalgebras and spectra

Kostas Skenderis

Physics Department, Princeton University Princeton, NJ 08544, USA E-mail: kostas@feynman.princeton.edu

Marika Taylor

Spinoza Institute, University of Utrecht Postbus 80.195, 3508 TD Utrecht, The Netherlands E-mail: taylor@phys.uu.nl

Abstract: In [6] we started a systematic investigation of open strings in the plane wave background. In this paper we continue the analysis by discussing the superalgebras of conserved charges, the spectra of open strings, and the spectra of DBI fluctuations around D-brane embeddings. We also derive the gluing conditions for corresponding boundary states and analyze their symmetries. All results are consistent with each other, and confirm the existence of additional supersymmetries as previously discussed. We further show that for every symmetry current one can construct a (countably) infinite number of related currents that contain more worldsheet derivatives, and discuss non-local symmetries.

Keywords: Superstrings and Heterotic Strings, D-branes, Penrose limit and pp-wave background.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep072003006 /jhep072003006 .pdf

Contents

1. Introduction 2

2. Review of quantization 5 2.1 D_− branes 7 2.2 D_+ branes 7

3. Superalgebras 8 3.1 Closed strings 9 3.2 D_− branes 9 3.2.1 Conserved charges 10 3.2.2 D_− superalgebra 12 3.3 D_+ branes 14 3.3.1 Conserved charges 14 3.3.2 D_+ superalgebra 15 3.4 Symmetry-related D-branes 16

4. Are the remaining D_+-branes 1/2-supersymmetric? 18

5. Brane spectra 22 5.1 D_− branes 23 5.2 D_+ branes 26

6. DBI fluctuation spectrum 27 6.1 D_− 3-brane 28 6.1.1 Static D_− 3-brane 28 6.1.2 Symmetry related D_− 3-branes 31 6.2 D_+ 1-brane 31

7. Boundary states 32 7.1 Gluing conditions 32 7.2 Symmetries 34

A. Conventions 36

B. Symmetry currents and closed string superalgebra 37

C. Mode expansions for closed strings 40

– 1 –

1. Introduction The maximally supersymmetric plane wave background of type IIB string theory [1] presents a useful model for studying string theory on backgrounds that contain RR-fluxes. Such backgrounds play a prominent role in various gauge theory/gravity dualities. The plane wave background is particularly interesting because it is related to the AdS_5 × S^5 background via a Penrose limit [2]. This implies a correspondence between the plane wave and gauge theory and such a relation has been proposed in [3]. This model is also distinguished by the fact that the worldsheet is free in the lightcone gauge [4]. Closed string theory on the plane wave background was discussed in [4, 5].

In our previous paper [6] we started a systematic investigation of open strings in the plane wave background. For related earlier work see [7]–[11] (a more complete list of references can be found in [6]). We studied possible boundary conditions for open strings in the lightcone gauge and discussed the global symmetries of the worldsheet action. The branes fall into equivalences classes depending on whether they related by the action of a target space isometry. Given a set of boundary conditions, some of the target space symmetries are broken. One may then act by the broken generators on the boundary conditions to generate a new set of boundary conditions. These branes are physically equivalent since they are related by an isometric reparametrization of the target spacetime. Notice that static and time-dependent branes can be part of the same equivalence class. This is so because some of the target space isometries depend on x^+ which is identified with the worldsheet time τ in the lightcone gauge, so the action of such a broken target space symmetry on time-independent boundary conditions (static D-brane) can produce time-dependent boundary conditions (time-dependent brane).

Recall that in the plane wave geometry the transverse coordinates to the lightcone are divided into two sets of four. The D-branes are divided into D_− and D_+ branes [6].^1 The former are branes of the type (+, −, m, m ± 2), where the notation indicates that the brane wraps the lightcone directions and m (m ± 2) of the worldvolume coordinates wrap the first (second) set of the transverse coordinates. The remaining branes (+, −, m, n) are the D_+ branes. The division of the branes into these two sets originates from differences in the fermionic boundary conditions.

One might expect that all symmetries of the open string are symmetries of the closed string which are compatible with the open string boundary conditions. We showed in [6], however, that some of the naively broken closed string symmetries are restored using certain worldsheet symmetries. In all such cases the violation of the closed string symmetry depended solely on quantities that are determined by the boundary conditions, and the violating terms could be adjusted to zero to changing the boundary condition. For example, D_− branes located at a constant transverse position x^{r′}_0 appear to break all dynamical supersymmetries, and the violating terms vanish when the transverse position is set to zero, x^{r′}_0 = 0.

1The same classification was also introduced in [12] that appeared shortly after [6]. The D− branes are called “class I” and the D+ branes “class II” in [12]. The ± in our notation is motivated by the fact that the matrix that is associated with the boundary conditions for the fermions “squares” to −1 for the D− branes, and +1 for the D+ branes, see (2.6).

– 2 –

In all such cases, however, we find that there are other worldsheet “symmetries” that are also violated by exactly the same amount as the closed string symmetries under discussion. It follows that the combination of the closed string and worldsheet symmetry is a good symmetry of the open string action. In the example of the D_− branes, we find that even though the worldsheet action breaks all dynamical supersymmetries when the brane is located away from the origin, it preserves eight fermionic symmetries that are linear combinations of eight dynamical supersymmetries and worldsheet symmetries. Furthermore, the algebra of the new fermionic symmetries is the standard one, i.e. their anticommutator gives the lightcone hamiltonian (plus other conserved charges), so they may be called “dynamical” supersymmetries.

The worldsheet symmetries originate from the fact that the action is quadratic in the fields. This implies that the transformations that shift each worldsheet field by a parameter that satisfies the worldsheet field equations leave the lagrangian invariant up to total derivatives. Transformations of this type that do not respect the boundary conditions are the ones used in order to restore seemingly broken target space symmetries. The transformations that do respect the boundary condition give rise to new worldsheet symmetries. Expanding the parameter in a basis we find that for both the closed and the open string there is a countably infinite number of such worldsheet symmetries. The corresponding currents evaluated on-shell are equal to oscillators.

The worldsheet symmetries we discuss here are very familiar in the context of conformal field theories, but to our knowledge they have not been used before in the way we use them. As is discussed in textbooks, given a holomorphic current J(z), ¯∂J = 0, there are an infinite number of other conserved currents, namely J_n = z^nJ. For example, for a free boson X(z), the worldsheet action is invariant under X → X + ϵ(z). Expanding ϵ(z) in a basis we get a countably infinite global worldsheet symmetries generated by J_n = z^n∂X, where n is an integer (we consider worldsheets without boundaries in this example). The corresponding charges evaluated on-shell are proportional to oscillators.

In this paper we continue the analysis started in [6]. First we compute on-shell the symmetry charges, and we use the resulting expressions to determine the superalgebra they satisfy. The spectrum of the open strings should organize into representations of this algebra, and we show that this is indeed the case. In particular, the supersymmetries that are restored by worldsheet symmetries act on the spectrum properly.

As discussed, when the brane is located away from the origin, some of the symmetries are restored by the use of worldsheet symmetries. In all such cases, the corresponding charge expressed in terms of oscillators is exactly the same (up to certain c-number contributions for some charges) as the corresponding charge for a brane located at the origin. This immediately implies that the superalgebras are also the same.

In the case of symmetry-related branes, the conserved charges of all branes in the same equivalence class are related to each other in a way that follows from the relation of the corresponding boundary conditions. We verify that the corresponding symmetry algebras are the same once the relations between the generators are taken into account.

We should comment here that although identifying the symmetries is evidently important in any theory, the superalgebra plays a particularly central role in lightcone Green-

– 3 –

Schwarz string theory. As is well-known, a convenient way to compute three point and higher functions is to use lightcone string field theory. A basic principle in the development of lightcone string field theory is to add interaction terms to dynamical charges in such a way as to preserve the superalgebra [13]–[15]. Thus the algebras we discuss in detail here would be important in calculating open string amplitudes, following the discussions of closed string field theory in the plane wave initiated in [16].

The multiplet generated by the action of zero modes on the vacuum (which in the flat space limit is massless) should appear in the DBI action as the multiplet of small fluctuations around the corresponding D-brane embedding. We verify that this is indeed the case for the bosonic fluctuations about D_+1 and D3 embeddings. In the latter case we also consider a time-dependent embedding and again find exact agreement.

In [6] we found, as is reviewed above, that some symmetries that are naively broken are actually replaced by new symmetries. Basically all configurations that according to the probe analysis [8] preserve at least 1/4 of the closed string supersymmetries are found to preserve 16 supercharges; the extra supercharges are due to the new symmetries. The D_+ branes that the probe analysis showed to be non-supersymmetric, are now found to preserve 8 new kinematical supersymmetries. Inspection of the spectrum of these branes shows that the massive string states contain an equal number of bosons and fermions at each energy level. The same degeneracy appears in the spectrum of other branes, and in that case it is explained by the existence of the dynamical supersymmetry: the states are related to each other by the action of the dynamical supercharges. This leads us to investigate the existence of yet another fermionic symmetry that would act as a dynamical supersymmetry in this case.

We do find additional conserved fermionic currents but the construction in all cases is effectively non-local. One may start with a local conserved fermionic current that is closely related to the dynamical supersymmetry current of the D1 brane. The addition of the corresponding charge to the algebra, however, induces an infinite number of additional charges. Each of these charges is associated with a local current, and the currents are related to each other by the addition of worldsheet derivatives. Thus, the closure of the algebra requires the use of currents with an infinite number of worldsheet derivatives and the construction is effectively non-local. Alternatively, one may start from a charge written in terms of modes that acts properly on the spectrum and ask whether there is a local current that generates it. We show that there is no local current that is associated with the charge and the corresponding symmetry transformations are non-local. It thus seems likely that the degeneracy of the massive string states will be lifted by loop effects.

An additional outcome of this analysis is that we find, for both open and closed strings, that for each worldsheet current there are (countably) infinite associated currents. These are obtained from the original one by judious additions of worldsheet derivatives to the local expression for the current. This is reminiscent of the higher spin symmetries in higher dimensional free field theories. It would be interesting to investigate whether there are any relations between the higher spin symmetries of free N = 4,d = 4 SYM theory and the new symmetries just mentioned.

– 4 –

The discussion of the spectrum and the DBI fluctuations confirms that the extra symmetries are symmetries of the spectrum. This still leaves open the possibility that these symmetries are broken by the interactions. A set of interactions that are straightforward to describe are the ones between closed and open strings and static interactions between a pair of D-branes. Such interactions are determined using boundary states. Boundary states in the plane wave background were constructed in [7, 10, 12], following the flat space analysis in [17]. Our discussion follows the discussion of boundary states in the RNS formalism [18]–[20]. We derive the gluing conditions by considering appropriate boundary conditions for the worldsheet field and imposing the latter as operator relations. In the cases in common, our results agree with the ones in [7, 10, 12]. Once the boundary state is thus defined, one may investigate how many symmetries it preserves. We find that for all branes that preserve sixteen supersymmetries (some of which may be the new supersymmetries that use worldsheet symmetries), there is a corresponding boundary state that preserves 16 supercharges. This is in particular the case for D_− branes located away from the origin.

This paper is organized as follows. In the next section 2 we review the quantization of the open string and the corresponding mode expansions from [6]. In section 3 we evaluate on-shell the conserved charges derived in [6] and compute the corresponding superalgebras. Section 4 addresses the issue of the existence of additional fermionic symmetries for the D_+ branes that do not possess any dynamical supersymmetry. We also discuss in this section higher derivative currents and non-local symmetries. In section 5 we discuss the brane spectra and in section 6 we compute the spectrum of small fluctuations around certain D-brane embeddings derived in [8]. Section 7 contains the discussion of boundary states and their symmetries. Finally there are three appendices where we review relevant material from the corresponding analysis of closed strings and give our conventions.

2. Review of quantization

In this section we briefly review the results obtained in [6], see also [9, 11, 12]. In what follows we will consider open strings propagating in the maximally supersymmetric plane wave background [1], henceforth called the plane wave, with Brinkmann metric

ds^2 = 2dx^+dx^− + 8∑ I=1 (dx^I dx^I − μ^2(x^I )^2(dx^+)^2) , (2.1)

and RR flux F_{+1234} = F_{+5678} = 4μ . (2.2)

Our starting point is the worldsheet action in the lightcone and conformal gauge S = T ∫ d^2σ ( p^+∂_τ x^− + 1 2 ((∂_τ x^I )^2 − (∂_σx^I )^2 − m^2(x^I )^2) +

+ i(θ^1γ̄^−∂_+θ^1 + θ^2γ̄^−∂_−θ^2 − 2mθ^1γ̄^−Πθ^2) ) . (2.3)

– 5 –

Here ∂_± = ∂_τ ± ∂_σ , m = μp^+, Π = γ^{1234}, and T is the tension of the string (T = 2πα^′ for the closed string and T = πα^′ for the open string; we set α^′ = 1 throughout this paper). Note also that we rescale the fermions by a factor of √ p^+ here relative to [6].

The closed string mode expansion and the canonical commutation relations were worked out in [4] and are reviewed in appendix C. In [6] we analyzed possible boundary conditions and the canonical quantization of the open strings. In all cases the fermions satisfy the boundary condition θ^1| = Ωθ^2| , (2.4)

where A| indicates evaluation at the boundary (i.e. σ = 0 and σ = π). The orthogonal matrix Ω is equal to the product of the transverse to the brane gamma matrices,^2 Ω = 8∏ r^′=p γ^{r′} . (2.5)

The branes are divided into two cases: the D_− and D_+ branes,

D_− : ΩΠΩΠ = −1 , D_+ : ΩΠΩΠ = 1 . (2.6)

The D_− branes are of the type (+, −, m, m ± 2) and the D_+ branes are the remaining (+, −, m, n) cases.

The mode expansions of the bosonic coordinates for both D_+ and D_− branes are given by x^r(σ, τ) = x^r_0 cos(mτ) + m^{−1}p^r_0 sin(mτ) + i ∑ n≠0 ω^{−1}_n α^r_ne^{−iωnτ} cos(nσ) ; (2.7) x^{r′} (σ, τ) = x^{r′}_0 (σ, τ) + ∑ n≠0 ω^{−1}_n α^{r′}_n e^{−iωnτ} sin(nσ) , (2.8)

where ω_n = sgn(n) √ n^2 + m^2 . (2.9)

The exact form of the zero mode part, x^{r′}_0 (σ, τ), depends on the boundary conditions under consideration. For a static brane located at x^{r′}_0 it is

x^{r′}_0 (σ, τ) = x^{r′}_0 e^{mπ} + 1

(e^{mσ} + e^{m(π−σ)}) , (2.10)

whilst for the symmetry related branes it is

x^{r′}_0 (σ, τ) = a^{r′} cos(mτ) + b^{r′} sin(mτ) , (2.11)

where both a^{r′} and b^{r′} are constant vectors in the Dirichlet directions.

2Our index conventions are as follows: we use indices r, s, t = 1, .., (p − 1), from the end of the latin alphabet to denote coordinates with Neumann boundary conditions, and primed indices of the same letters, r^′, s^′, t^′ = p, . . . , 8, to denote coordinates with Dirichlet boundary conditions. Latin indices, i, j = 1, . . . , 4, and i^′, j^′ = 5, . . . , 8, from the middle of the alphabet are used for the two sets of the transverse coordinates that transform among themselves under the SO(4) and the SO(4)^′, respectively.

– 6 –

The equal time commutator of the oscillators is given by

[a^I_n, a^J_l ] = sgn(n)δ_{n+l}δ^{IJ} , [ā^r_0, a^s_0] = δ^{rs} , (2.12)

where one defines

a^r_0 = 1 √ 2m (p^r_0 + imx^r_0), ā^r_0 = 1 √ 2m (p^r_0 − imx^r_0), a^I_n = √ 1 |ω_n| α^I_n. (2.13)

2.1 D_− branes

The fermion mode expansions are

θ^1 = θ_0 cos(mτ) + θ̃_0 sin(mτ) + ∑ n≠0 c_n ( id_nΠθ_nϕ_n + θ̃_nϕ̃_n ) ; θ^2 = Πθ̃_0 cos(mτ) − Πθ_0 sin(mτ) + ∑ n≠0 c_n ( −id_nΠθ̃_nϕ̃_n + θ_nϕ_n ) , (2.14)

where the expansion functions are given in (B.8), n is an integer and

d_n = 1 m (ω_n − n) , c_n = 1 √ 1 + d^2_n

. (2.15)

Furthermore, θ̃_0 = −ΩΠθ_0 ; θ̃_n = Ωθ_n . (2.16)

The anticommutators of the fermions are given by

{θ^α_0 , θ^β_0 } = 1 8 (γ^+)^{αβ} , {θ^α_n , θ^β_m} = 1 8 (γ^+)^{αβ} δ_{n+m,0} . (2.17)

We will find it useful to use pure Dirichlet and pure Neumann combinations of these fermions such that

θ_D(σ, τ) = (θ^1 − Ωθ^2)(σ, τ) = 2 ∑ n c_ne^{−iωnτ} (d_nΠ + iΩ) sin(nσ)θ_n ;

θ_N (σ, τ) = (θ^1 + Ωθ^2)(σ, τ)

= 2(θ_0 cos(mτ) − ΩΠθ_0 sin(mτ)) + 2 ∑ n≠0 c_ne^{−iωnτ} (id_nΠ + Ω) cos(nσ)θ_n ,(2.18)

which are manifestly both expansions in orthogonal functions [6].

2.2 D_+ branes

The fermionic mode expansion in this case is given by

θ^1 = θ^+_0 e^{mσ} + θ^−_0 e^{−mσ} + ∑ n≠0 c_n ( id_nΠθ_nϕ_n + θ̃_nϕ̃_n ) ; θ^2 = Πθ^+_0 e^{mσ} − Πθ^−_0 e^{−mσ} + ∑ n≠0 c_n ( −id_nΠθ̃_nϕ̃_n + θ_nϕ_n ) , (2.19)

– 7 – where one uses the definitions in (B.8) and (2.15). The boundary condition enforces θ^±_0 = ±ΩΠθ^±_0 ;

θ̃_n = c^2_n(Ω(1 − d^2_n) − 2id_nΠ)θ_n . (2.20) The anticommutators of the fermionic oscillators are given by {θ^α_n , θ^β_m} = 1 8 (γ^+)^{αβ}δ_{n+m,0} ;

{P_+θ^+_0 , P_+θ^+_0 } = πm 4(e^{2πm} − 1)

P_+γ^+ ;

{P_−θ^−_0 , P_−θ^−_0 } = πme^{2πm} 4(e^{2πm} − 1)

P_−γ^+ , (2.21)

where P_± =^1_2 (1 ± ΩΠ). It is convenient to rescale these zero modes as

θ̂^+_0 = √ (e^{2πm} − 1) 2πm θ^+_0 ; θ̂^−_0 = √ (1 − e^{−2πm}) 2πm θ^−_0 , (2.22) in terms of which the commutation relations are {θ̂_0, θ̂_0} = 1 8 γ^+ , (2.23) where we denote θ̂_0 = (θ̂^+_0 + θ̂^−_0 ). Again it is useful to define pure Dirichlet and Neumann combinations, such that θ_D(σ, τ) = (θ^1 − Ωθ^2)(σ, τ) = 2 ∑ n c_ne^{−iωnτ} (d_nΠ + iΩ) sin(nσ)θ_n , θ_N (σ, τ) = (θ^1 + Ωθ^2)(σ, τ) − m ∫_σ dσ^′(Πθ^2 + ΩΠθ^1)(σ^′, τ) . (2.24) The latter is Neumann because using the field equations and the boundary conditions its sigma derivative vanishes on the boundary: ∂_σ θ_N (σ, τ) = 2 ∑ n c_nω_ne^{−iωnτ} (id_nΠ − Ω) sin(nσ)θ_n . (2.25)

3. Superalgebras In this section we explicitly evaluate the conserved charges identified in [6] in terms of modes, and compute the superalgebras. Throughout the conserved charge G is given in terms of the τ component of the symmetry current G^τ by G = T ∫_l 0 dσG^τ , (3.1) where l is the length of the string, 2π for a closed string and π for an open string. We review in appendix B the τ components of the symmetry currents discussed in detail in [6].

– 8 –

3.1 Closed strings Recall that the target space superalgebra is generated by the momenta P^± and P^I and the rotation generators J^{IJ} , J^{+I} and the (complex) kinematical supersymmetries Q^+ and dynamical supersymmetries Q^−. The closed string (super)charges generate the superalgebra of the plane wave background, which is given in appendix B. The realization of this algebra in terms of closed string modes was worked out in [5] and is reviewed in appendix C. As we have seen in [6] the kinematical charges, P^I , J^{+I} and Q^{+1}, Q^{+2}, are members of an infinite family of symmetries and thus one may extend the superalgebra to include these charges as well. The charges P^{II}_m , Q^{II}_n , I = 1, 2, evaluated on-shell using the currents given in appendix B and the closed string mode expansions reviewed in appendix C, are given by

P^{1I}_n = 2α^{1I}_n , P^{2I}_n = 2α^{2I}_n , n ≠ 0 , Q^1_n = 2γ̄^−θ^1_n , Q^2_n = 2γ̄^−θ^2_n , n ≠ 0 . (3.2)

Using these we can compute the extension of the superalgebra. Since the new charges are proportional to oscillators the superalgebra is extended by the oscillator (anti) commutation relations (C.2). With the definitions given above,

[P^{II}_m , P^{J J}_n ] = 2ω_mδ_{m+n,0}δ^{IJ} δ^{IJ} , {Q^I_m, Q^J_n } = 2γ̄^−δ^{IJ} δ_{m+n,0} . (3.3)

Furthermore, P^{IK}_n transform as vectors and Q^I_n as spinors under SO(4) × SO(4)^′ and they are supersymmetric partners with respect to the dynamical supersymmetry,

[J^{IJ} , P^{IK}_n ] = i(δ^{IK} P^{IJ}_n − δ^{JK} P^{IJ}_n ) , [J^{IJ} , Q^I_n] = − i 2 Q^I_nγ^{IJ} , [Q^{−I} , P^{J I}_n ] = −δ^{IJ} ω_nc_nγ^{I+}Q^J_n − ϵ^{IJ} im 2c_n γ^{I+}ΠQ^J_n , {Q^{−I} , Q^J_n } = δ^{IJ} c_nP^{J I}_n γ̄^I γ^+γ̄^− − ϵ^{IJ} im 2ω_nc_n P^{2I}_n γ̄^I Πγ^+γ̄^− . (3.4)

Finally the commutation with the lightcone hamiltonian (P^− = −H) are given by

[P^−, P^{II}_n ] = ω_nP^{II}_n , [P^−, Q^I_n] = ω_nQ^I_n . (3.5)

This is an infinite extension of the target space superalgebra. It would be interesting to understand the form of the extended algebra in covariant gauges.

Note that the worldsheet charges are spectrum generating. The commutation relation (3.5) implies that states related by the action of the worldsheet charges have different lightcone energy.

3.2 D_− branes We determine in this section the charges identified in [6] as being conserved in terms of the modes. This computation provides a nice check of the identification of the conserved currents in [6]: the corresponding charges when evaluated on-shell must be time independent. In this subsection we discuss branes with static (ordinary Dirichlet) boundary conditions as given in (2.10); we consider the symmetry-related branes with time dependent Dirichlet boundary conditions (2.11) in section 3.4.

– 9 –

3.2.1 Conserved charges The momentum currents are given by the same expressions (B.2) as for the closed string. We thus get for conserved momenta

P^+ = p^+ , P^r = √ p^+p^r_0 , (3.6)

where by the arguments of [6] there is no conserved charge P^{r′} . The hamiltonian density is given in (B.5) and evaluating on-shell we get

H = ΔH + E_0 + E_N ;

ΔH = m(e^{mπ} − 1) π(e^{mπ} + 1) 8∑ r^′=p (x^{r′}_0 )^2 ;

E_0 = m (_{p−1} ∑ r=1 a^r_0ā^r_0 − 2iθ_0γ̄^−ΩΠθ_0 + 1 2 (p − 1) ) ; E_N = ∑ n>0 ( ω_na^I_{−n}a^I_n + 4ω_nθ_{−n}γ̄^−θ_n ) . (3.7)

There is a zero point energy as a result of normal ordering harmonic oscillator zero modes. For the non-zero modes, the normal ordering constants cancel out between bosonic and fermionic oscillators.

There is in addition a shift in the energy ΔH as a result of moving the brane away from the origin. One can understand this physically as follows. Suppose we consider a classical static string ending on a brane which is displaced from the origin. This corresponds to considering only the time independent modes in our bosonic solutions, so that

x^r = 0 ; x^{r′} = (e^{mπ} + 1)^{−1}x^{r′}_0 (e^{mσ} + e^{m(π−σ)}) . (3.8)

This solution describes a string whose endpoints are at x^{r′}_0 and whose midpoint is at x^{r′} = x^{r′}_0 ( cosh ( 1 2 mπ ))_{−1} < x^{r′}_0 . (3.9)

Thus the string bends towards x^{r′} = 0 and has finite proper length, in contrast to the m = 0 (flat space limit) when x^{r′} is constant and so the proper length of the string is zero.

One may think that because of the extra energy ΔH in the hamiltonian in the case of the D-brane located away from the origin the string would want to move to the origin to minimize its energy. The superalgebra, however, given in (3.16) but with P^− → P^− + ΔH, implies a BPS bound and the latter is saturated by the states with energy ΔH. Furthermore, the analysis of small fluctuations in section 6 also shows that the brane does not tend to move towards the origin; the brane rather oscillates around the constant transverse position. The extra energy ΔH only affects the frequency of oscillations. Notice that these considerations are valid for a single brane located at a non-zero constant position, and do not imply that there is no force between two branes one located at the origin and another at some non-zero constant position — to analyze this issue one should study

– 10 – open strings with one end on one brane and one end on the other. This can be done straightforwardly using the methods developed in [6] and here, but we shall not pursue it further in this paper. We also refer to [10, 12] for discussions of p − p^′ strings.

The rotation currents are given in (B.3). Evaluating on-shell we get

J^{+r} = − √ p^+x^r_0 , J^{rs} = −i(a^r_0ā^s_0 − a^s_0ā^r_0 + θ_0γ^{−rs}θ_0) − i ∑ n>0 ( a^r_{−n}a^s_n − a^s_{−n}a^r_n + 2θ_{−n}γ^{−rs}θ_n ) , J^{r′s′} = −iθ_0γ^{−r′s′} θ_0 − i ∑ n>0 ( a^{r′}_{−n}a^{s′}_n − a^{s′}_{−n}a^{r′}_n + 2θ_{−n}γ^{−r′s′} θ_n ) . (3.10)

Notice that, as we showed in [6], the current J^{r′s′} in (B.3) is conserved only when x^{r′}_0 = x^{s′}_0 = 0. When there are non-zero Dirichlet zero modes, the conserved current Ĵ^{r′s′} is a combination of J^{r′s′} with a worldsheet current [6]. It is actually equal to J^{r′s′} but with x^{r′} → (x^{r′} −x^{r′}_0 ). It follows that the corresponding charge Ĵ^{r′s′} is on-shell equal to J^{r′s′} . Note that J^{rs′} = 0 because the corresponding symmetry does not respect the boundary conditions.

In [6] we showed that these open string boundary conditions lead to preserved kinematical charges q^+ where q^+ =^1_2 (Ω̄Q^{+1} −Q^{+2}) as well as preserved dynamical supersymmetries q^− where q^− =^1_2 (Q^{−1} +Ω̄Q^{−2}) when the brane is at the origin in transverse position. These Noether charges take the form

q^+ = 1 π ∫_π 0 dσ √ p^+γ̄^−(cos(mτ) + sin(mτ)ΩΠ)θ_N ;

q^− = 1 π ∫_π 0 dσ (_{p−1} ∑ r=1 (∂_τ x^rγ̄^rθ_N − ∂_σ x^rγ̄^rθ_D + mx^rγ̄^rΩΠθ_N ) ×

× 8∑ r^′=p (∂_τ x^{r′}γ̄^{r′} θ_D − ∂_σx^{r′}γ̄^{r′} θ_N − mx^{r′}γ̄^{r′} ΩΠθ_D) ) , (3.11)

where here we use the pure Dirichlet and Neumann combinations θ_D = (θ^1 − Ωθ^2) and θ_N = (θ^1 + Ωθ^2) introduced in (2.18). Since the currents are now expressed in terms of mutually orthogonal functions it is straightforward to explicitly demonstrate that they are time independent and to evaluate the charges in terms of modes as

q^+ = 2 √ p^+γ̄^−θ_0 , (3.12) q^− = ( 2p^r_0γ̄^rθ_0 − 2mx^r_0γ̄^rΠΩ^tθ_0 ) + + ∑ n>0 ( 2 √ ω_nc_n(a^r_nγ̄^r − a^{r′}_n γ̄^{r′} )Ωθ_{−n} − im √ ω_nc_n (a^I_nγ̄^I )Πθ_{−n} ) + + ∑ n>0 ( 2 √ ω_nc_n(a^r_{−n}γ̄^r − a^{r′}_{−n}γ̄^{r′} )Ωθ_n + im √ ω_nc_n (a^I_{−n}γ̄^I )Πθ_n ) . (3.13)

As discussed in [6], the charge in (3.11) is only a conserved supercharge when there are no Dirichlet zero modes but when there are zero modes of the form (2.10), the conserved

– 11 – charge is instead q̂^−, the combination of q^− with the worldsheet symmetry, which is

q̂^− = 1 π ∫_π 0 dσ (_{p−1} ∑ r=1 (∂_τ x^rγ̄^rθ_N − ∂_σx^rγ̄^rθ_D + mx^rγ̄^rΩΠθ_N ) ×

× 8∑ r^′=p (∂_τ (x^{r′} −x^{r′}_0 )γ̄^{r′} θ_D −∂_σ(x^{r′} − x^{r′}_0 )γ̄^{r′} θ_N −m(x^{r′} −x^{r′}_0 )γ̄^{r′} ΩΠθ_D) ) .

This charge when realized in terms of modes reproduces precisely q^−.

The conserved worldsheet symmetries are given by

P^I_n = a^I_n ; Q_n = 2γ̄^−θ_n ; n ≠ 0 , (3.14)

where in the second expression the open string symmetry Q_n is related to the closed string symmetries reviewed in appendix B as Q_n =^1_2 (Q^2_n + Ω̄^tQ^1_n).

3.2.2 D_− superalgebra

One can now use the commutation relations to obtain the superalgebra that the (super)charges satisfy. As we just discussed the conserved charges in terms of oscillators for static branes located at and away from the origin are the same (with the exception of the hamiltonian which is shifted by the c-number ΔH), even though the relations of the currents to the corresponding currents of the closed string are different. In the latter case the conserved currents are linear combinations of closed string currents with certain worldsheet currents but in the former case they are not. It follows that the algebras we now discuss apply equally to both cases. The only difference is that one should replace P^− by P̂^− = P^− + ΔH, where ΔH is given in (3.7). As discussed in [6, section 4.2.1], ΔH is associated with a certain worldsheet symmetry, see (4.31)-(4.32) in [6].

Part of the superalgebra is given by a restriction of the closed string algebra reviewed in appendix B. We give here the non-trivial relations: [ P^r, q^− ] = − 1 2 imq^+(ΠΩ^tγ^{+r}) , [ P^−, q^+ ] = imq^+(ΩΠ) ,

{q^+, q^+} = P^+γ̄^− , {q^+, q^−} = 1 2 ((γ̄^−γ^+γ̄^r)P^r + m(γ̄^−γ^+γ̄^rΠΩ^t)J^{+r}) ,

{q^−, q^−} = γ̄^+P^− − 1 2 m(γ^{+rs}ΠΩ^t)J^{rs} − 1 2 m(γ^{+r′s′} ΠΩ^t)J^{r′s′} . (3.15)

In the last line, one uses Π when (r, r^′ ⊂ i) but one should replace Π by Π^′ when (r, r^′ ⊂ i^′). The derivation of these results is standard, but somewhat involved when it comes to the fermion bilinears as one needs to use the Fierz rearrangement formulas given in appendix A to bring the right hand side to the form quoted. Since the anticommutator {q^−, q^−} is a symmetric matrix in the spinor indices, only symmetric products of gamma matrices can appear. One can indeed check that only γ^+ and γ^{+m1m2m3m4} appear. For later use we record the terms proportional to γ^+ for various D_− branes (we give here the expressions

– 12 – for the (+, −, m + 2, m) branes, but the (+, −, m, m + 2) cases are exactly analogous),

(+, −, 2, 0) : {q^−, q^−} = γ̄^+(P^− + mJ^{34}) + · · · (+, −, 3, 1) : {q^−, q^−} = γ̄^+P^− + · · · (+, −, 4, 2) : {q^−, q^−} = γ̄^+(P^− + mJ^{56}) + · · · , (3.16)

where J^{34} ⊂ J^{ij} is the generator of rotations along the transverse to the D3 brane directions and J^{56} ⊂ J^{i′j′} is the generator of rotations along worldvolume coordinates in the D7 case. The dots indicate terms proportional to γ^{+m1m2m3m4} , whose exact form can be read off from (3.15).

The extension of the superalgebra by the worldsheet charges can be worked out exactly as in the case of closed strings. The (anti-)commutation relations among themselves are, up to normalization factors, the basic (anti)-commutation relations of the modes (2.12)– (2.17). The commutation relations of P^I_n and Q_n with J^{IJ} reflect their transformation properties under rotations. The remaining commutators are

[P^−, P^I_n ] = ω_nP^I_n , [ P^−, Q_n ] = ω_nQ_n , [ q^−, P^r_n ] = − 1 4 √ |ω_n|c_n ( 2ω_nc^2_nγ̄^rΩ + imγ̄^rΠ ) γ^+Q_n , [ q^−, P^{r′}_n ] = 1 4 √ |ω_n|c_n ( 2ω_nc^2_nγ̄^{r′} Ω − imγ̄^{r′} Π ) γ^+Q_n ,

{q^−, Q_n} = ( 1 2 √ |ω_n|c_n(P^r_nγ̄^r − P^{r′}_n γ̄^{r′} )Ω − imω_n 4 √ |ω_n|c_n P^I_nγ̄^I Π ) γ^+γ̄^− . (3.17)

This extended algebra is a subalgebra of the extended closed string algebra. The embedding is obtained by taking the open string charges (P^+, P^r, J^{+r}, J^{rs}, J^{r′s′} ) to be the same as the closed string ones. P^− is also the same when the brane is located at the origin; otherwise we need to remove the ΔH part of the open string P^−, as discussed. The remaining charges are related by

q^+ = 1 2 ( −Q^{+2} + Ω̄Q^{+1} ) ; q^− = 1 2 ( Q^{−1} + Ω̄Q^{−2} ) ; Q_n = 1 2 ( Q^2_n + Ω̄^tQ^1_n ) ; P^r_n = 1 2 √ |ω_n| (P^{1r}_n + P^{2r}_n ) ; P^{r′}_n = 1 2 √ |ω_n| (−P^{1r′}_n + P^{2r′}_n ) . (3.18)

The latter expressions follow from forming cosine and sine combinations respectively of the functions (ϕ_n, ϕ̃_n) appearing in the closed string mode expansions. With these identifications one can show that the D_− brane algebra is indeed a subalgebra of the extended closed algebra.

In the closed string algebra the commutation relations between supercharges involve charges such as P^{r′} which are broken by the brane. It is thus instructive to show explicitly how these broken charges drop out of the open string commutation relations. Using the relations {Q^{±I} , Q^{±J} } following from the closed string algebra given in appendix B we find

– 13 – that {q^+, q^−} = 1 4 {¯ ΩQ^{+1} − Q^{+2}, Q^{−1} + Ω̄Q^{−2} } ; = 1 4 γ̄^−γ^+ ( (γ̄^I + Ω̄γ̄^I Ω^t)P^I + m(γ̄^I ΠΩ^t − Ω̄γ̄^I Π)J^{+I} ) . (3.19)

Recalling that {Ω, γ^{r′} } = 0 = [Ω, γ^r], the charges in the Dirichlet directions drop out, as indeed they must since they are explicitly broken by the D-brane, leaving {q^+, q^−} = 1 2 (γ̄^+γ^−γ̄^r)P^r + m(γ̄^+γ^−γ̄^rΠΩ^t)J^{+r}, (3.20)

in agreement with our open string result (3.15). Similarly {q^−, q^−} = 1 4 {Q^{−1} + Ω̄Q^{−2}, Q^{−1} + Ω̄Q^{−2}} ;

= γ̄^+P^− + 1 4 m(Ω̄γ^{+ij} Π − γ^{+ij} ΠΩ^t)J^{ij} + 1 4 m(Ω̄γ^{+i′j′} Π − γ^{+i′j′} ΠΩ^t)J^{i′j′} . (3.21) Terms involving the explicitly broken charges J^{rr′} drop out because γ^{rr′} anticommutes with Ω, and thus the anticommutator reproduces that in (3.15).

3.3 D_+ branes We now discuss the D_+ branes, the notation referring to branes for which the fermion boundary condition is θ^1| = Ωθ^2| where (ΩΠ)^2 = 1.

3.3.1 Conserved charges Substituting the mode expansions into the conserved charges we find that the momenta and angular momenta are

P^+ = p^+, P^r = √ p^+p^r_0 , J^{+r} = − √ p^+x^r_0 , J^{rs} = −i(a^r_0ā^s_0 − a^s_0ā^r_0 + θ̂_0γ^{−rs}θ̂_0) − i ∑ n>0 (a^r_{−n}a^s_n − a^s_{−n}a^r_n + 2θ_{−n}γ^{−rs}θ_n) , J^{r′s′} = −iθ̂_0γ^{−r′s′}θ̂_0 − i ∑ n>0 (a^{r′}_{−n}a^{s′}_n − a^{s′}_{−n}a^{r′}_n + 2θ_{−n}γ^{−r′s′} θ_n) . (3.22) Again the rotation charges in the Dirichlet directions are applicable only if the brane is located at the origin in the relevant transverse coordinates. Away from the origin, the conserved charge is instead Ĵ^{r′s′} which takes exactly the same form when evaluated in terms of oscillators. The hamiltonian is H = ΔH + E_0 + E_N ;

ΔH = m π ( (e^{mπ} − 1) (e^{mπ} + 1)

)_8∑ r^′=p (x^{r′}_0 )^2 ;

E_0 = m (_{p−1} ∑ r=1 a^r_0ā^r_0 +^1_2 (p − 1) ) ; E_N = ∑ n>0 (ω_na^I_{−n}a^I_n + 4ω_nθ_{−n}γ̄^−θ_n) . (3.23)

Notice particularly that the fermion zero modes do not contribute to the E_0 hamiltonian in this case.

– 14 –

As discussed in [6] only in the case of the D1-brane are any of the closed string supercharges preserved. In this case the dynamical supercharges preserved are q^− = 1 2 (Q^{−1} + Ω̄Q^{−2}) such that

q^− = 1 π ∫_π 0 dσ ∑ r^′ ( ∂_τ x^{r′}γ̄^{r′} θ_D − ∂_σx^{r′}γ̄^{r′} (θ^1 + Ωθ^2) − mx^{r′}γ̄^{r′} (Πθ^2 + ΩΠθ^1) )

= 1 π ∫_π 0 dσ ∑ r^′ ( ∂_τ x^{r′}γ̄^{r′} θ_D + x^{r′}γ̄^{r′} ∂_σ θ_N ) − 1 π [x^{r′}γ̄^{r′} (θ^1 + Ωθ^2)]^π_0 , (3.24)

where we now use the Dirichlet and Neumann combinations given in (2.24) and (2.25). Explicitly evaluating this charge we find

q^− = −2 √( 2m π ) tanh 1 2 mπx^{r′}_0 γ̄^{r′} ΩΠθ̂_0 − − ∑ n>0 2c_n √ ω_na^{r′}_n γ̄^{r′} (Ω + id_nΠ)θ_{−n} − ∑ n>0 2c_n √ ω_na^{r′}_{−n}γ̄^{r′} (Ω − id_nΠ)θ_n . (3.25)

All the D_+ branes also have the exceptional kinematical charges (B.10) which are realized in terms of the fermionic zero modes as

Q̂^+ = 2 √ p^+γ̄^−θ̂_0 . (3.26)

The remaining worldsheet charges are exactly the same in terms of modes as for the D_− branes, namely P^I_n = a^I_n , Q_n = γ̄^−θ_n, n ≠ 0 , (3.27)

where here the appropriate combination of closed string charges is Q_n =^1_2 (Q^2_n + c^2_n(Ω̄^t(1 − d^2_n) + 2id_nΠ̄)Q^1_n).

3.3.2 D_+ superalgebra

Let us first discuss the superalgebra for the D1-brane. The J^{r′s′} generators satisfy the standard commutation relations with themselves and q^− (and, as in previous cases, for the D1-brane shifted from the origin we have to replace J^{r′s′} by Ĵ^{r′s′} ). The anticommutator of the dynamical supercharges is

{q^−, q^−} = γ̄^+P^− . (3.28)

This result depends crucially on the fact that we are dealing with a D1 brane. In processing the fermion bilinear terms one needs to perform a Fierz rearrangement. The relevant formula is given in (A.8) and in general leads to terms that depend on γ^{μ1..μ5} . In the case of D_− branes these terms correspond to the J^{rs} and J^{r′s′} terms in the anticommutation relation. In the current case, these terms vanish when p = 1 due to a gamma matrix identity. Furthermore, the recombination of the bosonic and fermionic contributions to yield P^− is also sensitive to the fact that p = 1.

– 15 –

The anti-commutators that involve kinematical supercharges are

{Q̂^+, Q̂^+} = γ̄^−P^+ , {q^−, Q̂^+} = − √( m 2π ) tanh 1 2 mπ( √ p^+x^{r′}_0 )γ̄^{r′} Π^′γ^+γ̄^− , [ H, Q̂^+ ] = 0 . (3.29)

Notice in particular that these kinematical supercharges commute with the hamiltonian.

The extension of the algebra by the worldsheet charges, apart from the obvious relations, is

[P^−, P^{r′}_n ] = ω_nP^{r′}_n , [ P^−, Q_n ] = ω_nQ_n , [ q^−, P^{r′}_n ] = sgn(n) 1 2 γ^{r′+}c_n √ |ω_n|(Ω − id_nΠ)Q_n , {q^−, Q_n} = − 1 2 c_n √ |ω_n|P^{r′}_n γ̄^+γ^−γ̄^{r′} (Ω + id_nΠ) . (3.30)

For the other D_+ branes the spacetime part of the algebra includes only bosonic generators, P^−, P^r, J^{+s}, J^{st}, and the exceptional kinematical supercharges Q̂^+. Their commutation relations are the expected ones. The extension of the algebra by the worldsheet charges P^I_n and Q_n is similar to all other cases we discussed, and their commutation relations are also the expected ones.

3.4 Symmetry-related D-branes

We now give the conserved charges and algebra of the symmetry related branes, for which the Dirichlet boundary conditions are of the generalized time dependent type (2.11). Consider first the bosonic charges. The conserved charges of the brane (P^+, P^r, J^{+r}, J^{rs}, P^I_n ) are unaffected. Explicitly evaluating the remaining conserved charges identified in [6] we find P̂^− = P^− + μ √ p^+ ∑ r^′ (b^{r′} P^{r′} − ma^{r′} J^{+r′} ) = P^−_s + 1 2 m^2(a^2 + b^2) ; Ĵ^{r′s′} = J^{r′s′} − 1√ p^+ (a^{r′} P^{s′} + a^{s′} P^{r′} + mb^{s′} J^{+r′} − mb^{r′} J^{+s′} ) = J^{r′s′}_s + m(a^{r′} b^{s′} − a^{s′} b^{r′} ) ; (3.31)

where the expression of the charges in terms of fields is given in appendix B and P^−_s and J^{r′s′}_s denote the charges for the static branes, as given in (3.7) and (3.10), and we use the shorthand notation a^2 = ∑ r^′ a r^′ ar^′ .

Now consider the preserved supercharges. For the type D_− branes, the charges (q^+, Q_n) are unaffected by the time dependent boundary conditions and the conserved dynamical supercharge is

q̂^− = 1 2 ( Q^{−1} + Ω̄Q^{−2} + 1 2 μ √ p^+ ∑ r^′ (b^{r′} γ^{r′+} − a^{r′}γ̄^{r′} ΩΠγ^+)(Q^{+2} + Ω̄Q^{+1}) ) = q^−_s ,

(3.32)

– 16 – where again q^−_s is the static brane charge. To prove this the following expression is useful: 1 2 (Q^{+2} + Ω̄Q^{+1}) = − √ p^+γ̄^− ∫_π 0 dσ(cos(mτ) − sin(mτ)ΩΠ)θ_D. (3.33)

Similarly for the D_+ D1-brane the charges (Q̂^+, Q_n) are unaffected and the conserved dynamical supercharge is

q̂^− = 1 2 (Q^{−1} + Ω̄Q^{−2}) + + 1 4 μ √ p^+ ∑ r^′ ( (b^{r′} γ^{r′+} − a^{r′}γ̄^{r′} ΩΠγ^+)Q^{+2} + (b^{r′} γ^{r′+}Ω̄ + a^{r′} γ^{r′+}Π̄)Q^{+1} ) , (3.34)

which again evaluates to give precisely the static charge q^−_s . For the other D_+ branes the preserved kinematical supercharges are also unaffected.

Thus since the conserved charges of these branes have the same mode expansions as the conserved charges of the static brane, except for P̂^− and Ĵ^{r′s′} which differ only by c-numbers, the algebra is also the same as that for the static branes, except for terms involving these charges. The extended superalgebra for the symmetry-related branes hence reproduces (3.15) and (3.17), with charges G replaced by Ĝ and P̂^− → P̂^− −^1_2 m^2(a^2 + b^2) ; Ĵ^{r′s′} → Ĵ^{r′s′} − ma^{r′} b^{s′} + ma^{s′} b^{r′} . (3.35)

That is, we absorb these overall c-number shifts into the definitions of Ĝ.

Although the open string algebras for these branes are precisely the same as for the static branes, the embeddings of the symmetry-related brane algebras into the closed string algebra differ from that for the static branes given in (3.18). The essential difference is in the combination of closed string supercharges which are preserved: for the D_− branes the open string dynamical charges q̂^− are now related to the closed string charges Q^± as in (3.32).

Evaluating the anticommutator of q̂^− by directly substituting into the closed string superalgebra we find that {q̂^−, q̂^−} = γ̄^+ ( P^− + μ √ p^+ ∑ r^′ (b^{r′} P^{r′} − ma^{r′} J^{+r′} ) − 1 2 m^2(a^2 + b^2) ) − − 1 2 m(γ^{+rs}ΠΩ^t)J^{rs} − 1 2 m(γ^{+r′s′} ΠΩ^t) × × ( J^{r′s′} − 1 √ p^+ (a^{r′} P^{s′} +a^{s′} P^{r′} +m(b^{s′} J^{+r′} −b^{r′} J^{+s′} ))−m(a^{r′} b^{s′} −a^{s′} b^{r′} ) ) , where appropriate summations over all Neumann and Dirichlet directions are implied. This agrees with the result above: the charges appearing on the right hand side are precisely the open string charges Ĝ including c-number shifts. One can also show that

{q^+, q^+} = P^+γ̄^− ; {q^+, q̂^−} = 1 2 (γ̄^−γ^+γ̄^rP^r − mγ̄^−γ^+γ̄^rΠΩ^tJ^{+r}) , (3.36)

i.e. the same as for the static D_− branes, with q^− → q̂^−. This also agrees with what we found above using the explicit form of the charges in terms of modes.

– 17 –

4. Are the remaining D_+-branes 1/2-supersymmetric?

In [6] we argued that there is no combination of closed string dynamical supercharges that preserves the boundary conditions for any D_+ brane except the D1 brane:^3 the symmetries are violated by terms involving the Neumann coordinates. We also showed in [6] that one cannot use worldsheet symmetries linear in the oscillators to restore this symmetry.

Following the logic of [6], in this section we will explore whether there is any symmetry of the D_+ branes corresponding to a dynamical supercharge which does not descend from closed string symmetries. We first note that the charge given in (3.24) for the D1-brane is conserved and preserves the boundary conditions for all D_+ branes. For reasons that will become apparent later in this section we shall call this charge q^−_0 :

q^−_0 = 1 π ∫_π 0 dσ ( ∂_τ x^{r′}γ̄^{r′} θ_D − ∂_σ x^{r′}γ̄^{r′} (θ^1 + Ωθ^2) − mx^{r′}γ̄^{r′} (Πθ^2 + ΩΠθ^1) ) ; = −2 √( 2m π ) tanh 1 2 mπx^{r′}_0 γ̄^{r′} ΩΠθ̂_0 − ∑ n≠0 2c_n √ |ω_n|a^{r′}_n γ̄^{r′} (Ω + id_nΠ)θ_{−n} . (4.1)

Let us now include this charge in the D_+ brane algebra containing the bosonic charges (P^−, P^+, P^r, J^{+r}, J^{rs}, J^{r′s′} ), along with the kinematical charges Q̂^+ and the worldsheet charges (P^I_n , Q_n). It commutes with the hamiltonian, transforms as a spinor under J^{rs} and J^{r′s′} and anticommutes with Q̂^+ to give a central term involving x^{r′}_0 as for the D1-brane and the P^{r′}_n and Q_n are supersymmetric partners and P^r_n a singlet with respect to this symmetry.

However, the anticommutator of the charge with itself generates new charges P^−_0 and J^{IJKL}_0 not contained in the algebra:

{q^−_0 , q^−_0 } = γ̄^+P^−_0 + J^{IJKL}_0 γ^{+IJKL} . (4.2)

As we have discussed, not only is the hamiltonian a conserved current, but terms in the hamiltonian involving the scalars x^I and the fermions are individually conserved on-shell. The specific combination which arises in the anticommutation (4.2) is

P^{−τ}_0 = − 1 2 ∑ r^′ ( (∂_τ x^{r′} )^2 + (∂_σ x^{r′} )^2 + m^2(x^{r′} )^2 + 1 8 i(θ^1γ̄^−∂_τ θ^1 + θ^2γ̄^−∂_τ θ^2) ) , (4.3)

which evaluated on-shell is

P^−_0 = − m π ( (e^{mπ} − 1) (e^{mπ} + 1)

)_8∑ r^′=p (x^{r′}_0 )^2 − ∑ r^′ ∑ n>0 ω_n ( a^{r′}_{−n}a^{r′}_n + 1 2 θ_{−n}γ̄^−θ_n ) . (4.4)

3In [6] and here we discuss open strings with boundary conditions corresponding to D-branes with no worldvolume flux. It was found in [8] that there are supersymmetric (+, −, 4, 0) and (+, −, 0, 4) embeddings that preserve 1/2 of the dynamical supersymmetry but these necessarily involve certain worldvolume fluxes. Actually the (+, −, 4, 0) and (+, −, 0, 4) are not even on-shell with respect to the DBI without including this flux. These D-branes with flux were analyzed from the worldsheet point of view in [21, 12].

– 18 –

Notice that in the case p = 1, P^−_0 is equal to P^−. In all other cases P^−_0 differs from P^− in that all Neumann modes are missing and the coefficient of the fermionic terms is not the same.

The other charges arising are the tensorial symmetries J^{IJKLτ} 0 = i 240 ∑ r^′ ∂_σθ_N γ̄^{r′} γ^{−IJKL}γ̄^{r′} θ_D . (4.5)

Such tensorial symmetries are also present in the closed string, as was mentioned in [6]. Evaluating the charge in terms of modes we get

J^{IJKL}_0 = − 1 480 ∑ r^′ ∑ n≠0 c^2_nω_nθ_{−n}(id_nΠ + Ω^t)γ̄^{r′} γ^{−IJKL}γ̄^{r′} (id_nΠ − Ω)θ_n . (4.6)

This expression can be further processed using gamma matrix identities to eliminate the summed gamma matrix. The details depend on the brane under consideration and will not be given here. We only note that J^{IJKL}_0 vanishes for the D1 brane because ∑ r^′ γ̄ r^′ γ−r^′_1r^′_2r^′_3r^′_4γ̄ r^′ = 0 (and the D1 brane does not have any worldvolume directions

transverse to the lightcone coordinates).

The addition of P^−_0 and J^{IJKL}_0 to the algebra induces further charges. Explicit calculation gives that

[q^−_0 , P^−_0 ] = 1 8 (1 − p) ∑ r^′ ∑ n≠0 2c_nω_n √ |ω_n|a^{r′}_n γ̄^{r′} (Ω + id_nΠ)θ_{−n} . (4.7)

As mentioned above, P^−_0 is equal to P^− when p = 1. In this case we already know it commutes with q^−, and indeed (4.7) vanishes in this limit. For p ≠ 1 this commutation hence generates the additional charges

q^−_1 = ∑ r^′ ∑ n≠0 2c_nω_n √ ω_na^{r′}_n γ̄^{r′} (Ω + id_nΠ)θ_{−n} . (4.8)

The associated symmetry involves an extra worldsheet derivative, giving rise to the additional factors of ω_n in the mode expansion:

q^{−τ}_1 = i ∑ r^′ ( ∂_τ x^{r′}γ̄^{r′} ∂_τ θ_D − ∂_σx^{r′}γ̄^{r′} ∂_τ (θ^1 + Ωθ^2) − mx^{r′}γ̄^{r′} ∂_τ (Πθ^2 + ΩΠθ^1) ) . (4.9)

One can also show that [q^−_0 , J^{IJKL}_0 ] ∼ γ^{r′} γ^{IJKL}γ^{r′} q^−_1 ; (4.10)

this is necessary for the Jacobi identity for [q^−_0 , {q^−_0 , q^−_0 }] to hold. It is convenient to introduce the notation G_l to denote a charge arising from a symmetry with l additional worldsheet derivatives relative to G_0 ≡ G.

To summarize: the addition of q^−_0 to the algebra gives the charges P^−_0 and J^{IJKL}_0 under anticommutation. Commuting these three charges with each other gives q^−_1 , and the

– 19 – anticommutation of this charge with itself manifestly gives P^−_2 and J^{IJKL}_2 . Anticommuting q^−_0 with q^−_1 generates P^−_1 and J^{IJKL}_1 . Thus one sees that one cannot add q^−_0 to the algebra without adding all of q^−_l , P^−_l and J^{IJKL}_l to close the algebra.

The fermionic generator q^−_0 does not depend on any of the Neumann oscillators. There are also fermionic conserved currents that involve only Neumann oscillators. One such current is q̃^{−τ}_0 = ∂_τ ∂_σx^rγ̄^rθ_D + ∂_σx^rγ̄^r∂_σθ_N , (4.11)

which gives q̃^−_0 = ∑ n≠0 2nc_n √ ω_na^r_nγ̄^r(iΩ − d_nΠ)θ_{−n} . (4.12)

This is almost the same mode expansion as q^−_0 but differs by factors of n. Anticommuting this operator with itself produces new (higher derivative and tensorial) charges just as in the discussion of q^−_0 .

For the other branes where we found additional supersymmetries, a clue to the existence of the additional supercharges was that the spectrum could naturally organize into multiplets of the new supersymmetry. In the case at hand, the massive string states are most naturally organized into multiplets of

q = −2 √( 2m π ) tanh 1 2 mπx^{r′}_0 γ̄^{r′} ΩΠθ̂_0 − ∑ I ∑ n≠0 2c_n √ ω_na^I_nγ̄^I (iΩ − d_nΠ)θ_{−n} . (4.13)

A direct computation yields

{q, q} = −γ̄^+(ΔH + E_N ) , (4.14)

where E_N and ΔH are given in (3.23). That is, q anticommutes to yield P^− but without the Neumann zero modes. Furthermore, the algebra closes with the addition of only q and (ΔH + E_N ). Note that the absence of Neumann zero modes from this q reflects the fact that states generated by Neumann zero modes do not have the same energy as states generated by any fermionic oscillators. These states should thus not be related by a dynamical supercharge which commutes with the hamiltonian.

Now the operator q looks close to what one would call a dynamical supercharge, but the issue is whether q and (ΔH + E_N ) are associated with local currents. It turns out that both of these currents are non-local. To prove this for the bosonic operator, first note that (ΔH + E_N ) = (H − E_0). H generates the global symmetry δx^+ = ϵ^+ but E_0 generates a non-local symmetry. The oscillator expression for E_0 is

E_0 = 1 2 p−1∑ r=1 ((p^r_0)^2 + m^2(x^r_0)^2) , (4.15)

which generates the field variation

δx^r = (p^r_0 cos(mτ) − mx^r_0 sin(mτ))ϵ^r . (4.16)

– 20 –

To obtain this expression we have used the commutation relations between x^r and the oscillators. The expression is however only meaningful onshell, and does not describe an offshell symmetry.

We can find an offshell symmetry by noticing that this onshell expression can be rewritten as δx^r = 1 π ∫_π 0 dσ^′∂_τ x^r(τ, σ^′)ϵ^r . (4.17)

This variation is in fact a symmetry of the action offshell: the variation of the action is a total time derivative

δS = T^2 ∫ dτdσdσ^′(∂_τ x^r(τ, σ)∂^2_τ x^r(τ, σ^′) − m^2x^r(τ, σ)∂_τ x^r(τ, σ^′))ϵ^r ; = T^2 ∫ dτdσdσ^′∂_τ (∂_τ x^r(τ, σ)∂_τ x^r(τ, σ^′) − m^2x^r(τ, σ)x^r(τ, σ^′))ϵ^r , (4.18) (recalling that T = 1/π for the open string). The associated Noether current is

(E_0)^τ = 1 2 T ∫ dσ^′(∂_τ x^r(τ, σ)∂_τ x^r(τ, σ^′) + m^2x^r(τ, σ)x^r (τ, σ^′)) , (4.19)

which integrated over sigma gives the conserved charge E_0. E_0 is thence manifestly nonlocal since it depends on an integration over the worldsheet.

The Dirichlet part of q is exactly q^−_0 , and the Neumann part would be equal to q̃^−_0 had the factor of n been absent from the right hand side of (4.12). It appears that there is no local current that yields (4.12) without the factor of n. One can, however, proceed as follows. As in the above discussion there are charges q̃^−_l which are higher derivative variants of q̃^−_0

q̃^−_l = − 1 π ∫_π 0 dσ(∂_σ x^rγ̄^r∂^{l+1}_τ θ_D + ∂_τ ∂_σx^rγ̄^r∂^{l−1}_τ ∂_σ θ_N ) , = ∑ n≠0 (iω_n)^l2nc_n √ ω_na^r_nγ̄^r(iΩ − d_nΠ)θ_{−n} . (4.20)

Let us collect all q̃^−_l in an infinite-dimensional vector ⃗q̃ and introduce another (infinitedimensional) vector ⃗q whose components are

q_n = 2c_n √ ω_na^r_nγ̄^r(iΩ − d_nΠ)θ_{−n} . (4.21)

Then (4.20) can be written as ⃗q̃ = M⃗q , (4.22) where M is the (∞ × ∞) matrix M_{ln} = n(iω_n)^l . (4.23)

One may now solve (4.22) for ⃗q, ⃗q = M^{−1}⃗q̃ . (4.24)

The existence of such a solution depends on M being non-degenerate. This follows from writing M_{ln} = P_{lm}Q_{mn} where P_{lm} = (iω_m)^{l−1} and Q_{mn} = n(iω_nδ_{nm}). Q is diagonal so is

– 21 – clearly invertible since ω_n ≠ 0 and the determinant of P is the Vandermonde determinant ∏ n<m(iω_m − iω_n) which is non-zero since ω_m ≠ ω_n for m ≠ n. Having obtained the q_n one can then construct q. In this construction, however, we have to use currents with an infinite number of worldsheet derivatives, so q is effectively non-local.

We have given two different arguments for the non-locality of E_0 and q respectively. One can also provide a construction of E_0 similar to the one for q by considering corresponding higher derivative charges and inverting to isolate E_0, and also explicitly demonstrate that the symmetry transformations generated by q are non-local as in the case of the transformations generated by E_0 but we shall not give these details here.

Thus although the D_+ branes preserve fermionic symmetries other than the kinematical supersymmetries, either the corresponding current is non-local or the closure of the algebra on adding one such charge requires the inclusion of currents with an infinite number of worldsheet derivatives. Thus in all cases, these symmetries may be considered non-local. It seems likely that these symmetries will not be respected by the interactions.

We have seen in this section that if we try to include any dynamical supercharges in the algebra for D_+ p-branes with p ≠ 1 the Jacobi identities induce higher derivative and tensorial currents. There are analogous conserved currents for closed strings and both D_+ and D_− branes, but in other cases we are not forced to consider them; the algebras close without them.

qWe end this section by giving one more example of such a higher derivative current: the higher derivative variants of the rotational currents for D_+ branes

(J^{IJτ} )^b_{2l} = (∂^l_σ x^I ∂_τ ∂^l_σx^J − ∂^l_σx^J ∂^l_σ∂_τ x^I ) ;

(J^{IJτ} )^f_{2l} = − 1 2 i(∂^l_σ θ^1γ^{−IJ} ∂^l_σθ^1 + ∂^l_σ θ^2γ^{−IJ} ∂^l_σθ^2) , (4.25)

which evaluated on-shell give

(J^{IJ} )^b_{2l} = −i ∑ n>0 n^{2l}(a^I_{−n}a^J_n − a^J_{−n}a^I_n) ;

(J^{IJ} )^f_{2l} = −im^{2l}θ̂_0γ^{−IJ}θ̂_0 − 2i ∑ n>0 n^{2l}θ_{−n}γ^{−IJ} θ_n . (4.26)

(Note that when there are Dirichlet zero modes the good symmetries J^{r′s′}_{2l} are those given in (4.25) with x^{r′} → (x^{r′} − x^{r′}_0 ) just as for the l = 0 currents.) Notice that the usual rotational charge is just J^{IJ} = (J^{IJ} )^b_0 + (J^{IJ} )^f_0 . One can easily construct analogous higher derivative conserved currents in other cases but we will not present further details here.

5. Brane spectra

Before discussing the spectra in detail it is useful to recall that there are two mass scales in the plane wave. With our conventions, the two scales are the mass m associated with the flux and the string mass, M_s = 1/ √ α^′. Setting m to zero yields the flat space limit.

Some of the states that were degenerate in flat space now acquire mass splittings of the

– 22 – order of m. In the regime m ≪ M_s the string states decouple and one is left with states with mass of order m. These are the states whose dynamics is governed by the DBI which we will call DBI states. The opposite limit, m ≫ M_s, is the regime where the dual gauge theory operates [3]. Our discussions below follow closely the discussion of the closed string spectrum in [5] along with previous discussions of open string spectra in [9, 22, 23], and so we will emphasize only novel features.

5.1 D_− branes

Let us first discuss the spectra of D_− branes. As is standard we choose the vacuum such that it is annihilated by half of the fermionic and bosonic oscillators. Acting with the other half of the oscillators then creates the space of physical states. The action of the fermion and boson zero modes on the vacuum generates the DBI modes.

For open strings there are eight fermion zero modes which should be divided creation and annihilation operators, such that θ^−_0 annihilates the vacuum and θ^+_0 generates the spectrum. However one divides the modes into creation and annihilation operators, one will still generate all the spectrum using θ^+_0 but the energy of the vacuum depends on how one does the split. In [5] it was shown that for the closed string the vacuum energy can vary between 0 and 8m according to how divides the zero modes. If one chooses a vacuum with energy greater then zero acting with certain θ^+_0 lowers the energy. For open strings, with half as many fermion zero modes, the energy range has to be 4m. The preferred split of the fermion modes is that for which the vacuum is the lowest energy state. Noticing that the hamiltonian contains the term (−2imθ_0γ̄^−ΩΠθ_0) we find that the most natural choice of vacuum state is

ā^r_0 |0⟩ = a^I_n |0⟩ = θ_n |0⟩ = θ^−_0 |0⟩ = 0 , (5.1)

where we introduce the following projections on the fermion zero modes

θ^±_0 = 1 2 (1 ± iΩΠ)θ_0. (5.2)

Then the vacuum is an eigenstate of the lightcone hamiltonian

H_0 |0⟩ = ( ΔH + 1 2 m(p − 5) ) |0⟩ . (5.3)

There is an overall shift from moving the branes away from the origin, which is given in (3.7), and the other part of the vacuum energy is −m, 0 and m for the D3-brane, D5- brane and D7-brane, respectively. The proposal for the lightcone vacuum in the dual defect theory [8] yields precisely these values for the lightcone energy.

The states are also labelled by appropriate quantum numbers that correspond to the conserved angular momenta that commute with the hamiltonian and among themselves. Furthermore, the eigenstates of the hamiltonian form supersymmetry multiplets of the q^− supersymmetry. The kinematical supersymmetry generators q^+ do not commute with the hamiltonian and are therefore spectrum generating. A detailed analysis of the spectrum and

– 23 –

H_0 + 5m (θ^+_0 )^4a |0⟩ (θ^+_0 )^3a^2 |0⟩ (θ^+_0 )^2a^3 |0⟩ (θ^+_0 )a^4 |0⟩ a^5 |0⟩ H_0 + 4m (θ^+_0 )^4 |0⟩ (θ^+_0 )^3a |0⟩ (θ^+_0 )^2a^2 |0⟩ (θ^+_0 )a^3 |0⟩ a^4 |0⟩ H_0 + 3m (θ^+_0 )^3 |0⟩ (θ^+_0 )^2a |0⟩ (θ^+_0 )a^2 |0⟩ a^3 |0⟩ H_0 + 2m (θ^+_0 )^2 |0⟩ (θ^+_0 )a |0⟩ a^2 |0⟩ H_0 + m (θ^+_0 ) |0⟩ a |0⟩

H_0 |0⟩

Table 1: DBI spectrum for D_− branes.

the quantum numbers that each state carries depends on the brane under consideration but the details follow straightforwardly in all cases so we shall only highlight the main features.

The quantum numbers for the vacuum can be computed using the definition (5.1) and the explicit form of J^{IJ} . For the (+, −, m + 2, m) branes one finds (the result for (+, −, m, m + 2) branes are evidently similar)

(+, −, 2, 0) J^{34} |0⟩ = − |0⟩ , J^{12} |0⟩ = J^{r′s′} |0⟩ = 0 ; (+, −, 3, 1) J^{rs} |0⟩ = J^{r′s′} |0⟩ = 0 ; (+, −, 4, 2) J^{56} |0⟩ = |0⟩ , J^{rs} |0⟩ = J^{78} |0⟩ = 0 , (5.4)

which in all cases implies that {q^−, q^−} |0⟩ = 0 , (5.5)

consistent with the supersymmetry of the vacuum.

The DBI modes are obtained by acting with θ^+_0 and a^r_0 on the vacuum, and with our conventions they both raise the energy by m. It is useful to introduce the combinations

a^{rs}_± = a^r_0 ± ia^s_0 . (5.6)

Then using (3.10) one finds [H, a^{rs}_± ] = ma^{rs}_± , [J^{rs}, a^{rs}_± ] = ±a^{rs}_± . (5.7) Thus a^{rs}_± acting on the vacuum raises the energy by m and the J^{rs} charge by ±1. One may similarly introduce combinations of the fermionic zero modes that transform with definite charge under the rotation charges J^{IJ} by multiplying θ_0 with the projection operators P^{IJ} = (1 ± iγ^{IJ} )/2. In the following we shall be schematic. The form of the spectrum is given in Table 1, where we have only listed states with up to five bosonic oscillators but of course there is an infinite number of states. The energy is listed in the left hand column. In the table we use several abbreviated notations. As usual we suppress all spinor indices: by (θ^+_0 )^2 we mean (θ^+_0 )^{[α}(θ^+_0 )^{β]}, etc. By a^p |0⟩ we mean that we act with p bosonic zero modes a^{rs}_± ; these oscillators can be the same or distinct. We can act on each of the minimum energy states in the left column with an arbitrary number of bosonic zero modes.

Let us consider the first column of table 1. The multiplet contains eight bosons and eight fermions. There are six bosons of mass H_0 + 2m, one with mass H_0 and another with

– 24 – mass H_0 + 4m. The fermions splits into two sets of fours with masses H_0 + m and H_0 + 3m, respectively. When m = 0 the field content is that of a ten dimensional vector multiplet (or of its appropriate dimensional reduction when viewed from the worldvolume point of view).

Recall that in flat space one considers a vacuum with momentum |k⟩ and builds on it the massless states that carry this momentum, or equivalently localized at same spacetime point x in the x-space representation. In the plane wave background the momentum is not a good quantum number as it does not commute with the hamiltonian. Instead the bosonic zero modes reflect the existence of a quadratic (harmonic oscillator) potential in the Neumann directions. Acting with the bosonic creation modes allows the string to “climb up” the potential: it is localized further from the origin in the Neumann directions.

It is worth mentioning that in the case of (+, −, 4, 2) branes the states (a^{56}_+ )^p |0⟩ are supersymmetric states which carry p units of J^{56} charge. It follows from (3.15) that

{q^−, q^−}(a^{56}_+ )^p |0⟩ = 0 . (5.8)

It would be interesting to explore systematically supersymmetric states and their dual interpretations.

Let us note that the only difference between the spectra of branes with different Dirichlet boundary conditions is that states are labelled by the appropriate Ĥ and their eight dynamical supercharges q̂^− do not in general descend from the closed string.

Since the kinematic supercharges are essentially proportional to the fermion zero modes (q^+ ∼ γ̄^−θ_0), the action of the q^+ takes us up and down the columns in the diagram. This is of course consistent with the fact that acting with q^+ necessarily raises or lowers the energy by m. Note that we go down the columns and lower the energy by acting with the fermion annihilation operators θ^−_0 .

Let us consider the action of the dynamical supercharges. With our choice of vacuum, non-zero modes in q^− annihilate every state in the DBI multiplet. Thus the only non-trivial action by the supercharge arises from the zero mode part

q^−_0 = 2 √ 2m(ā^rγ̄^rθ^+_0 + a^rγ̄^rθ^−_0 ) . (5.9)

This formula should be contrasted with the flat space case q^− = 2k^rγ̄^rθ_0, where k is the momentum. The vacuum is a singlet under the q^− supersymmetry. For the other states q^− acts by moving us along the rows in the diagram. This is consistent with the fact that q^− commutes with the hamiltonian.

Now let us consider the non-zero mode part of the spectrum. This is obtained by acting with (θ_{−n}, a^I_n), or equivalently the conserved worldsheet charges (Q_{−n}, P^I_n ), on the vacuum, and then acting on the resulting states with zero modes. Part of the spectrum is given in table 2.

The kinematical supersymmetry acts vertically in this diagram, whilst the dynamical supersymmetry acts horizontally: it relates states with the same number of mode n oscillators. The spectrum will thus form representations of both the dynamical and the kinematical supersymmetry. Since there are eight bosonic and eight fermionic oscillators

– 25 –

H_0 + ω_n + m aa^I_{−n} |0⟩ (θ^+_0 )a^I_{−n} |0⟩ (θ^+_0 )θ_{−n} |0⟩ θ_{−n}a |0⟩ H_0 + ω_n a^I_{−n} |0⟩ θ_{−n} |0⟩ H_0 |0⟩

Table 2: Stringy modes for D_− branes.

at each n, the total number of states with no bosonic zero modes at this level is 256. Note that this is true for all n, whereas in flat space single oscillator states a^I_{−n} |0⟩ has the same energy as multiple oscillator states ∏ i a^I_{−ni} |0⟩, ∑ i n_i = n, and so the number of states at each level grows exponentially with n. This is not true in the plane wave since the frequencies ω_{ni} are never rationally related.

Let us emphasize again that the key differences compared to the spectrum in flat space are that states are labelled by the number of boson zero modes rather than the momentum, and the DBI states have energies of order m. In the regime m ≪ M_s the latter decouple from string modes and the dynamics is described by the DBI multiplet. We will see in the next section that the spectrum of fluctuations around the D-brane embedding reproduces what we have just found. In the opposite limit, m ≫ M_s,

ω_n = √ n^2 + m^2 = m ( 1 + n^2 2m^2 + · · · ) (5.10)

and low-lying string states have the same energy as massive DBI modes. This is the limit where the dual gauge theory operates [3].

5.2 D_+ branes Let us now consider the spectrum for D_+ branes. In this case the hamiltonian is independent of the fermionic zero modes, and the vacuum state is degenerate (as in flat space). We choose the vacuum so that

ā^r_0 |0⟩ = a^I_n |0⟩ = θ_n |0⟩ = P_−θ̂_0 |0⟩ = 0 , (5.11)

where we use projections P_±θ̂_0 = ±θ̂_0 to divide the zero mode fermions into two sets of four. (The form of the projectors is to a large extend arbitrary and it does not influence the discussion below). The vacuum energy is then

H_0 = 1 2 m(p − 1) + ΔH . (5.12)

ΔH again represents the shift in energy from moving the branes away from the origin. For branes located at the origin, the energy is 0, m, 2m, 3m and 4m for D1-branes, D3-branes, D5-branes, D7-branes and D9-branes respectively. We now use P_+θ̂_0 and a^r_0 to create the DBI spectrum.

Let us first discuss the D1 brane. In this case there are no bosonic zero modes and so we have only sixteen states rather than an infinite number of states. H_0 + 2m the states a^2|0; θ^+_0 ⟩, etc.

Thus the spectrum is rather different to that of the D_− branes. The lowest energy level now consists of eight bosons and eight fermions, as in flat space. The action of

– 26 –

|0⟩ (P_+θ̂_0) |0⟩ (P_+θ̂_0)^2 |0⟩ (P_+θ̂_0)^3 |0⟩ (P_+θ̂_0)^4 |0⟩

Table 3: DBI spectrum for D1 branes.

the supercharges is also rather different. Firstly in this case we do not have kinematical supercharges descending from the closed string. We do however have the conserved charges Q̂+. These commute with the hamiltonian and move us between states in the same row of the diagram.

The only case in which we have dynamical su- H_0 + ω_n a_{I−n}|0; θ_{+0} ⟩ θ_{−n}|0; θ_{+0} ⟩

H_0 |0; θ^+_0 ⟩

Table 4: Stringy spectrum for D1- brane. |0; θ^+_0 ⟩ denotes the zero mode supermultiplet.

percharges descending from the closed string is the D1-brane. This brane is already special in that there are no bosonic zero modes, and so we have only sixteen states rather than an infinite number. q^− acting on these states vanishes unless the brane is displaced from the origin, and acts between states in the single row in the diagram. For example,

q^− |0⟩ = −2 √( 2m π ) tanh 1 2 mπx^{r′}_0 γ̄^{r′} Π^′P_+θ̂_0 |0⟩ . (5.13)

The rest of the spectrum is obtained by acting with the non zero modes on the vacuum; this is illustrated for the D1-brane in table 4.

For the D1-brane the states form representations of the surviving dynamical supersymmetry; again this relates states with the same number of mode n oscillators. Since there are eight bosonic oscillators at each level, and θ_{−n} has eight independent components, the total number of states at the first excited level in the diagram is (16 × 8 + 16 × 8) = 256. This is the same as for the D_− branes and the same as in flat space. For the other D_+ branes, however, although there are still eight bosonic and eight fermionic oscillators at each level, these do not, following the analysis of the previous section, form representations of a local supercharge except in the flat space limit. Most likely, loop corrections will lift the degeneracy between bosons and fermions.

6. DBI fluctuation spectrum

The open string states obtained by acting with fermionic and bosonic zero mode operators on the open string vacuum should be in one to one correspondence with the fluctuation modes of DBI fields expanded about the embeddings found in [8]. The aim of this section is to find the form of the bosonic DBI equations of motion expanded to linear order in fluctuations and then to determine the corresponding light cone energy spectrum. We treat only the bosonic modes which can be dealt with very simply; the analysis of the fermionic terms is more complicated and will not be attempted here.

For definiteness we will consider in detail the following two cases. The first is D_− 3-branes, both static and rotating, whilst the second is D1-branes. The case of the D_− 7-

– 27 – brane at the origin was discussed in [9]. Whilst it is straightforward to derive the spectrum for the other D-branes, we do have to treat each case separately because the fluctuation field equations do differ between cases, particularly in the couplings to the RR flux.

Let us first give the worldvolume action for a Dp-brane:

I_p = I_{DBI} + I_{WZ} ; I_{DBI} = = −T_p ∫ M d^{p+1}ξe^{−Φ} √ − det (g_{ij} + F_{ij} ) ;

I_{WZ} = T_p ∫ M e^F ∧ C , (6.1)

with T_p the Dp-brane tension. Here ξ^i are the coordinates of the (p + 1)-dimensional worldvolume M which is mapped by worldvolume fields X^μ into the target space which has (string frame) metric g_{μν} . This embedding induces a worldvolume metric g_{ij} = g_{μν} ∂_iX^μ∂_j X^ν . The worldvolume also carries an intrinsic abelian gauge field A with field strength F . F = F − B is the gauge invariant two-form with B_{ij} = ∂_iX^μ∂_j X^ν B_{μν} the pullback of the target space NS-NS 2-form. Note that we have set 2πα^′ = 1. The RR n-form gauge potentials (pulled back to the worldvolume) are collected in C = ⨁ n C_{(n)} and the integration over the worldvolume automatically selects the proper forms in this sum. In what follows it is convenient to use the covariant equations of motion following from this action which were given in [8].

6.1 D_− 3-brane

For a D3-brane in the plane wave background the appropriate equations are [8]

∂_i( √ −Mθ^{ii1} ) = 0 ; 1 4! ϵ^{i1..i4} F_{i1i2i3i4μ} = −∂_i( √ −MG^{ij} ∂_j X^ν g_{μν} ) + 1 2 √ −M(G^{ij} ∂_iX^ν ∂_j X^ρg_{νρ,μ}) , (6.2) where G^{ij} and θ^{ij} are the symmetric and antisymmetric parts of M^{ij} , respectively (M^{ij} is the inverse of M_{ij} = g_{ij} + F_{ij} ). The first equation is the gauge field equation, whilst the second encapsulates the scalar field equations. Recall that in our conventions the five form flux in the background is F_{+1234} = F_{+5678} = 4μ.

6.1.1 Static D_− 3-brane Let us linearize these equations about the static (+, −, 2, 0) embedding, for which the transverse coordinates are fixed constants: we set ξ^i = (x^+, x^−, x^1, x^2) and X^{r′} = x^{r′}_0 + x^{r′} . One finds that the fluctuations in these transverse scalars satisfy the following equations:

□x^3 = 4μ∂_−x^4 ; □x^4 = −4μ∂_−x^3 ; □x^{i′} = 0 , (6.3)

where □ = 1 √ g ∂_i( √ gg^{ij} ∂_j ) = ( 2∂_+∂_− + μ^2 ( (x^1)^2 + (x^2)^2 + ∑ r^′ (x^{r′}_0 )^2 ) ∂^2_− + ∂^2_1 + ∂^2 ) . (6.4)

– 28 –

(g_{ij} is the background induced metric). Here r^′ runs over all transverse scalars and i^′ runs from 5 to 8. The additional terms in the (x^3, x^4) equations arise from the couplings to the RR background. Note that to linearized order the scalar and gauge field fluctuations are not coupled and only the (x^3, x^4) fluctuations mix with each other. We will give the gauge field equations below. To find the lightcone spectrum it is useful to Fourier transform in the (x^−, x^1, x^2) directions:

ψ(x^+, x^−, x^1, x^2) = ∫ dp^+dp^1dp^2

(2π)^{3/2} e^{i(p+x−+p1x1+p2x2)}ψ̃(x^+, p^+, p^1, p^2) . (6.5)

Then the scalar field equations take the form

□_px̃^3 = 4imx̃^4 ; □_px̃^4 = −4imx̃^3 ; □_px̃^{i′} = 0 , (6.6)

where □_p = ( 2H + m^2 ( ∂^2_p1 + ∂^2_p2 − ∑ r^′ (x^{r′}_0 )^2 ) − (p^1)^2 − (p^2)^2 ) . (6.7)

Here H = ip^+∂_+ may be interpreted as the lightcone hamiltonian (the factor of p^+ is due to the normalization of generators introduced in (B.1)). Introducing a complex scalar ϕ such that ϕ̃ = x̃^3 + ix̃^4 and

□_pϕ̃ = 4mϕ̃ ; □_p ¯ϕ̃ = −4m¯ϕ̃ , (6.8)

we find that

H_{ϕ̃} = 3m + h ; H¯_{ϕ̃} = −m + h ; H_{x̃i}′ = m + h , h = m ( a^uā^u + 1 2 m ∑ r^′ (x^{r′}_0 )^2 ) . (6.9)

To get to these expressions we write each H in terms of the momenta and then introduce the standard creation and annihilation operators

a^u = 1 √ 2m (p^u − m∂_pu ) , ā^u = 1 √ 2m (p^u + m∂_pu ) , [ā^u, a^v ] = δ^{uv} , (6.10)

where u, v = 1, 2. After normal ordering, the hamiltonians for each of the six scalars are as given above. As usual the spectrum of states will be obtained by acting with a^u on vacua satisfying ā^u |0⟩ = 0. The lowest lightcone energy value for each mode is given by

E_ϕ = 3m + ΔH ; E¯_ϕ = −m + ΔH ; E_xi′ = m + ΔH ;

ΔH = 1 2 m^2 ∑ r^′ (x^{r′}_0 )^2 . (6.11)

The analysis for the gauge field is rather similar. In the lightcone A_− = 0, and Lorentz gauge, ∂_−A_+ + ∂_1A_1 + ∂_2A_2 = 0, A_+ is completely determined in terms of the modes A_1 and A_2, □A_+ = 2μ^2∂_−(x^uA_u) (6.12)

– 29 – and the Fourier transforms of A_1 and A_2 satisfy the equations

□_pÃ_u = 0 . (6.13)

Thus using the analysis above the lightcone hamiltonian for the gauge field modes is

H_Ã = m ( a^uā^u + 1 + 1 2 m(x^{r′}_0 )^2 ) , (6.14)

and the lowest lightcone energy is thus E_A = m + ΔH.

Now let us compare this to the bosonic part of the zero mode spectrum we found from the open strings. Consider first the case where the transverse positions are zero. Then the DBI analysis tells us that the lowest energy states are one complex scalar with energy −m, four scalars and the physical components of the gauge field with energy m and the complex conjugate scalar with energy 3m. This is indeed in agreement with what we found from the open strings.

One may also compute the rotation charges of the fluctuations. For example, J^{34} is realized as a differential operator as

J^{34} = −i(x^3∂_4 − x^4∂_3) . (6.15)

It thus follows that the ϕ̄, the fluctuation with the lowest lightcone energy, has J^{34} charge −1, in agreement with the open string computation.

It is also worth noting that the defect operator dual to the light-cone vacuum [8] also carries the same rotational charges. This can be read off from Table 1 of [24]. The J_{23} assignments in that paper correspond to the J^{34} assignments here, and the R-symmetry SO(4) corresponds to SO(4)^′. The operator under consideration is given in [8, (9.1)] or [24, (6.1)]. Using Table 1 one finds that J^{34} = −1 for this operator. Furthermore, the operator is a singlet under the transverse SO(4) which is also in agreement with the fact that the light-cone vacuum is annihilated by J^{r′s′} . The dimension of the defect operator saturates the BPS bound of the superconformal algebra, and the lightcone vacuum saturates a corresponding bound that can be read off from the superalgebra in (3.16). Finally, both of them appear to be subtle in the following sense: the lightcone vacuum appears to be tachyonic, i.e. it has a negative lightcone energy, and, as was recently pointed out in [24], the dual operator may suffer from strong infrared effects since its constituents contain (undifferentiated) 2d massless scalars. Since the D3 brane is supersymmetric, we expect that it is stable. We leave further understanding of these issues for future work.

When any of transverse positions are shifted from zero, there is a shift in the energy of each of these states by^1_2 m^2(x^{r′}_0 )^2. At first sight this seems to disagree with the open string result, where we found that the energy was instead shifted by

ΔH = m π (e^{mπ} − 1) (e^{mπ} + 1)

(x^{r′}_0 )^2 . (6.16)

This discrepancy is however resolved by recalling that the DBI captures only the zero slope limit of the open strings and in this limit m → 0. In this limit (6.16) indeed gives ΔH =^1_2 m^2(x^{r′}_0 )^2, in agreement with the DBI result.

– 30 –

6.1.2 Symmetry related D_− 3-branes Let us now consider the spectrum for symmetry-related D3-branes, for which the transverse scalars about which we linearize satisfy (2.11). The laplacian for branes with time dependent Dirichlet boundary conditions is □ = ( 2∂_+∂_− + μ^2((x^1)^2 + (x^2)^2 + ∑ r^′ ((x^{r′}_0 )^2 − μ^{−2}(∂_+x^{r′}_0 )^2))∂^2_− + ∂^2_1 + ∂^2 ) , (6.17)

and for the boundary conditions (2.11) we have ∑ r^′ ((x^{r′}_0 )^2 − μ^{−2}(∂_+x^{r′}_0 )^2) = (a^2 − b^2) cos(2μx^+) , (6.18)

where a^2 = ∑ r^′ (a r^′ )2. An analysis similar to the one described for the static branes yields

the same equations (6.3) but with the laplacian in (6.17). The most complicated part is to check that the equation (6.2) with μ = + is satisfied.

Recall that the differential form for the symmetries is:

P^+ = −i∂_−; P^− = −ip^+∂_+ ; P^I = −i √ p^+ ( cos(μx^+)∂_I + μ sin(μx^+)x^I ∂_− ) ; J^{+I} = −i( √ p^+)^{−1} ( μ^{−1} sin(μx^+)∂_I − cos(μx^+)x^I ∂_− ) , (6.19)

where the factors of i are because these are operators and we include appropriate factors of p^+ to correspond with the normalizations given in (B.1).

Thus the time dependent terms in (6.18) can be rewritten in terms of P^{r′} and J^{+r′} to give □ = ( −2 ( P^− + μ √ p^+ ∑ r^′ (b^{r′} P^{r′} − ma^{r′} J^{+r′} ) − 1 2 m(a^2 + b^2) ) + · · · ) , (6.20)

where the ellipses denote the terms involving (p^1, p^2) in (6.7). Thus if we define an operator

P̃^− = P^− + μ √ p^+ ∑ r^′ (b^{r′} P^{r′} − ma^{r′} J^{+r′} ) − 1 2 m(a^2 + b^2) , (6.21)

then this operator will have precisely the same eigenvalues as for the static brane P^−. This reproduces the results of section 3.4. The gauge field equation can be analyzed similarly.

6.2 D_+ 1-brane An analogous analysis holds for the bosonic spectrum of the D1-brane. The equations of motion for the eight transverse scalars are

0 = −∂_i( √ −MG^{ij} ∂_jX^ν g_{μν} ) + 1 2 √ −M(G^{ij} ∂_iX^ν ∂_j X^ρg_{νρ,μ}) . (6.22) Linearizing about ξ^i = (x^+, x^−) with X^I = x^I_0 + x^I , where x^I_0 is constant, the equations for the eight transverse scalars all satisfy

□x^I = 0 , (6.23)

– 31 – where now □ = ( 2∂_+∂_− + μ^2 8∑ I=1 (x^I_0)^2∂^2_− ) . (6.24)

After Fourier transforming we can identify the lightcone hamiltonian for each mode as H_xI = 1 2 m^2 8∑ I=1 (x^I_0)^2 . (6.25)

In this case there are no creation and annihilation operators and the entire massless bosonic spectrum consists of just these eight states, whose energy is zero when the transverse positions are zero and is shifted when the transverse positions are non zero. By the same arguments as above, in the m → 0 limit this shift agrees with the open string result. The analysis of symmetry related D1-branes follows as in the previous subsection, and we will not give the details here.

7. Boundary states

The aim of this section is to discuss boundary states corresponding to the closed string descriptions of the branes discussed here. Boundary states for the plane wave background have been discussed in [7, 10, 12]. The analysis in these papers followed closely the flat space analysis in [17]. In particular, in these works the fermionic gluing conditions were determined by requiring that the boundary state was annihilated by combinations of the target space supersymmetry. We shall follow instead the analysis of boundary states in the RNS formalism initiated in [18]–[20] and obtain the gluing conditions from the boundary conditions of the worldsheet fields. The symmetries that are preserved by the boundary state are determined afterwards.

As is well-known one loop open string diagrams that connect two D-branes can also be viewed as tree level propagation of a closed string emitted from one brane and absorbed by the second. In the two descriptions the roles of the τ and σ coordinates are exchanged. This means in particular that if we choose the light-cone gauge in the closed string description, then the lightcone time is a direction transverse to the brane and the branes are (m, n) instantonic branes. These branes are related via open-closed duality to (+, −, m, n) branes. We refer to [10, 12] for a detailed discussion of these points. These papers also address the issue of consistency of the two descriptions. In particular, [10] checked that the Cardy condition holds for static D_− branes located at the origin whilst [12] checked this condition for D_+1 branes.

The emphasis in this section is on the derivation of the gluing conditions for the boundary states and their symmetries. We work throughout with lorentzian signature, but one should consider appropriate Wick rotations for the fields to satisfy appropriate reality conditions.

7.1 Gluing conditions To construct the boundary state we will follow closely the discussion of boundary states in the RNS formalism [18]–[20]. Recall that the boundary state is a closed string state that

– 32 – represents the addition of a boundary to the tree level worldsheet. The boundary state is constructed by imposing the boundary conditions of the worldsheet fields as operator relations. The appropriate boundary is now spacelike: at time τ = τ_0 a closed string is created (or annihilated) from the vacuum.

In [6] we have worked out the variations of the worldsheet action, see (2.6)–(2.10). For boundaries at fixed τ = τ_0, we find that appropriate boundary conditions corresponding to static branes in lightcone gauge are,

∂_σx^−| = 0 ; ∂_σx^+| = 0 ; ∂_τ x^r| = 0 ; ∂_σx^{r′} | = 0 ;

(δθ^1γ̄^−θ^1 + δθ^2γ̄^−θ^2)| = 0 . (7.1)

Recall that σ is now tangential to the boundary and so ∂_σ x^m| = 0 is a Dirichlet condition whilst ∂_τ x^m| = 0 is a Neumann condition. The conditions on the bosons allow the choice of lightcone gauge x^+ = p^+τ. The fermion condition can be satisfied by choosing

(θ^1 + iMθ^2)| = 0 , (7.2)

where M is an orthogonal matrix, the relevant choice of which is the product of gamma matrices over the Neumann directions.

As usual, the x^− boundary condition is automatically implemented by the Virasoro constraint. The relevant constraint in lightcone gauge is

p^+∂_σx^− + i(θ^1γ̄^−∂_σ θ^1 + θ^2γ̄^−∂_σθ^2) + ∂_τ x^I ∂_σx^I = 0 , (7.3)

which with the conditions in (7.1) enforces that x^− is Dirichlet.

We now define the boundary state by implementing these conditions as operator identities on the boundary state, using the closed string mode expansions. For a Neumann scalar x^r we enforce ∂_τ x^r |B⟩_{τ =τ0} = 0 (7.4)

which in terms of modes becomes

p^r_0 cos(mτ_0) − mx^r_0 sin(mτ_0) − ∑ n≠0 ( α^{1I}_n e^{−i(ωnτ0+nσ)} + α^{2I}_n e^{−i(ωnτ0−nσ)} ) |B⟩_{τ =τ0} = 0 . (7.5) Since this holds for all σ, it imposes the conditions

(p^r_0 − m tan(mτ_0)x^r_0) |B⟩_{τ =τ0} = 0; (7.6) (α^{1I}_n e^{−iωnτ0} + α^{2I}_{−n}e^{iωnτ0} ) |B⟩_{τ =τ0} = 0. These conditions depend explicitly on τ_0. This is because the boundary state breaks translational invariance along the time direction, and the defining conditions do not in general commute with the hamiltonian. The first condition in (7.6) differs from that used in [10] which was p^r_0 |B⟩_{τ =τ0} = 0 . (7.7)

– 33 –

As pointed out in [10] this boundary condition is not consistent with x^− being pure Dirichlet (using the Virasoro constraint) except at τ = 0. Imposing (7.6) instead, x^− is a Dirichlet coordinate.^4 Having made the point that the boundary conditions depend explicitly on τ_0, let us restrict for simplicity to τ_0 = 0.

The corresponding Dirichlet conditions for x^{r′}_0 = q^{r′} on the boundary are q^{r′} |B⟩_0 = x^{r′}_0 + i ∑ n≠0 ω^{−1}_n (α^{1r′}_n e^{−inσ} + α^{2r′}_n e^{inσ}) |B⟩_0 , (7.8)

which is satisfied by imposing

x^{r′}_0 |B⟩_0 = q^{r′} |B⟩_0 ;

(α^{1r′}_n − α^{2r′}_{−n}) |B⟩_0 = 0 . (7.9)

Now let us discuss the fermionic conditions; as in the open string analysis it is convenient to divide the discussion into D_− branes for which (MΠ)^2 = −1 and D_+ branes for which (MΠ)^2 = 1. Then the defining conditions for D_− branes are

(θ^1_0 + iMθ^2_0) |B⟩_0 = 0 ;

(θ^1_{−n} + iMθ^2_n) |B⟩_0 = 0 . (7.10)

These are exactly as in flat space, and are also the conditions discussed in [7, 10].

However, the defining conditions for D_+ branes coming from the mode expansion are

(θ^1_0 + iMθ^2_0) |B⟩_0 = 0 ;

(θ^1_{−n} + in^{−1}(Mω_n + mΠ)θ^2_n) |B⟩_0 = 0 , (7.11)

the latter of which differs from that in flat space. This condition has been recently discussed in [12]. Note the close relationship between this expression, and the relation between θ_n and θ̃_n appearing in the open string D_+ brane mode expansions. One should note that the factors of i in these expressions are necessary for consistency with the commutation relations: the operators appearing here manifestly anticommute with themselves. Furthermore, the zero mode condition commutes with the hamiltonian only for the D_+ branes.

It is straightforward to construct the boundary state given the gluing conditions presented in this section. Explicit expressions (for some of them) can be found in [7, 10, 12]. We will not need these expressions, however, so we will not present them here.

7.2 Symmetries Having defined the boundary state one may now check what symmetries it preserves. This can be done using the explicit expressions for the closed string generators in terms of modes. The relevant formulas, derived in [5], are reviewed in appendix C.

4We should note however that (7.7) is still consistent with the variational problem in lightcone gauge. When we modify the conditions in (7.1) so that the bosonic conditions are neither pure Neumann nor pure Dirichlet the Virasoro constraint implies that p^+∂σ x^−| = −∂τ x^I ∂σx^I |. This condition can be restated as a coupling of the boundary variations p^+δx^−| = −∂τ x^I δx^I |, which is sufficient to remove boundary terms in the variational problem following the analysis of [6].

– 34 –

The fermionic conditions (7.10) and (7.11) imply that the static branes preserve the same number of supersymmetries as found by our open string analysis. To see this, note first that the zero mode conditions in (7.10) and (7.11) can immediately be rewritten as

(Q^{+2} − iMQ^{+1}) |B⟩_0 = 0 , (7.12)

and thus in both cases the boundary state is annihilated by eight kinematical supercharges. Let us emphasize again that only in the (7.11) case does this condition commute with the hamiltonian.

To find the number of dynamical charges which annihilate each boundary state we need to use the mode expansions of Q^− along with the bosonic and fermionic gluing conditions. For the D_− branes this analysis was carried out in [7] and it was found that the condition

(Q^{−1} + iMQ^{−2}) |B⟩_0 = 0 (7.13)

was satisfied provided that the Dirichlet transverse positions q^{r′} = 0.

Now consider D_−-branes displaced from the origin by Dirichlet transverse positions q^{r′} . As in our open string analysis, the obstruction to the condition (7.13) being satisfied is the Dirichlet zero modes. However, one may verify that the boundary state satisfies ( Q^{−1} + iMQ^{−2} − 1 2 iμ √ p^+ ∑ r^′ q^{r′} γ^{+r′} MΠ(Q^{+2} + iMQ^{+1}) ) |B⟩_0 = 0 , (7.14)

in addition to (7.12) and is thus annihilated by sixteen supercharges. This condition looks rather different to the open string analysis but can be understood as follows. The translational symmetries act as δx^− = √ p^+μ sin(μx^+)ϵ^I x^I ; δx^I = √ p^+ cos(μx^+)ϵ^I , (7.15)

and hence on the hypersurface x^+ = 0 simply act as constant shifts of the coordinates x^I . Thus in the closed string sector branes located at τ = 0, x^− constant, x^{r′} = 0 are related by the broken translational symmetries to those at constant Dirichlet positions, x^{r′} = q^{r′} .

Finally, let us consider the D-instanton. Using in particular the second condition in (7.11) along with bosonic conditions one finds that

(Q^{−1} + iMQ^{−2}) |B⟩_0 = 0 (7.16)

is satisfied for the D-instanton, and it thus also preserves 16 supersymmetries. One may verify that (7.16) is not satisfied by the other D_+ branes. As in the open string analysis, the obstruction is the Neumann modes.

Note added. In a recent paper [25] the existence of extra supersymmetries of branes in planes waves was analyzed in the context of M2 branes in the maximally supersymmetric background of 11d supergravity. It was found that the worldvolume theory admits extra supersymmetries at the quadratic level but the worldvolume interactions are not compatible with them. The similarity of the probe analysis results for the M2 and the IIB D-branes suggests that the extra supersymmetries discussed in this paper may be broken by string interactions. One could investigate this by repeating the computation of [25] for the IIB D-branes.

– 35 –

Acknowledgments

We would like to thank B. Stefaǹski for discussions. K.S. would like to thank the Isaac Newton Institute, the Amsterdam Summer Workshop, and the Aspen Center for Physics for hospitality during the course of this work and M.T. would like to thank Queen Mary for hospitality during the final stages of this work. This material is based upon work supported by the National Science Foundation under Grant No. PHY-9802484. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the authors and do not necessarily reflect the views of the National Science Foundation.

A. Conventions

We follow closely the conventions of [4]. The Dirac matrices in ten dimensions Γ^μ are decomposed in terms of 16-dimensional gamma matrices γ^μ such that

Γ^μ = ( 0 γ^μ γ̄^μ 0 ) , (A.1)

where

γ^μγ̄^ν + γ^νγ̄^μ = 2η^{μν} , γ^μ = (γ^μ)^{αβ} , γ̄^μ = γ^μ_{αβ} , γ^μ = (1, γ^I , γ^9) , γ̄^μ = (−1, γ^I , γ^9) . (A.2)

Here (α, β) are SO(9, 1) spinor indices in chiral representation; we use the Majorana representation for Γ such that C = Γ^0, and so all γ^μ are real and symmetric. We use the convention that γ^{μ1 ..μk} are the antisymmetrised product of k gamma matrices with unit strength. γ^μ, γ^{μ1μ2μ3μ4} and γ^{μ1μ2μ3μ4μ5} are symmetric and γ^{μ1μ2} and γ^{μ1μ2μ3} are antisymmetric matrices.

We assume the normalization γ^0γ̄^1 · · · γ^8γ̄^9 = 1, so that

Γ_{11} = Γ^0 · · · Γ^9 = ( 1 0 0 −1 ) . (A.3)

We define

Π^α_β ≡ (γ^1γ̄^2γ^3γ̄^4)^α_β , (Π^′)^α_β ≡ (γ^5γ̄^6γ^7γ̄^8)^α_β , γ^± = γ̄^∓ = 1 √ 2 (γ^9 ± 1) , γ^0γ̄^9 = γ^{+−} . (A.4) Other useful relations are

γ^{+−}ΠΠ^′ = 1 , (γ^{+−})^2 = Π^2 = (Π^′)^2 = 1 , γ^{+−}γ^± = ±γ^± , γ̄^±γ^{+−} = ∓γ̄^± , γ^+γ̄^+ = γ^−γ̄^− = 0 . (A.5)

The 32-component spinors θ and Q of positive and negative chirality, respectively, are decomposed in terms of 16-component spinors as θ = ( θ^α 0 ) , Q = ( O Q_α ) . (A.6)

– 36 –

Abbreviated notations are used, in which the spinor indices are indicated by the positioning of matrices; frequently used expressions in the text include

ΩQ ≡ Ω̄^β_α Q_β ; QΩ ≡ Q_αΩ^α_β ; Ω^tQ ≡ (Ω̄^t)^β_α Q_β ; QΩ^t ≡ Q_α(Ω^t)^α_β ; Ω^α_β = (γ^{i1} )^{αγ} · · · (γ̄^{iq} )_{δβ} ; (Ω^t)^α_β = (γ^{iq} )^{αγ} · · · (γ̄^{i1} )_{δβ} ;

Ω̄^β_α = (γ̄^i1 )_{αγ} · · · (γ^iq )^{δβ} ; (Ω̄t)^β_α = (γ̄^iq )_{αγ} · · · (γ^i1 )^{δβ} . (A.7)

In computing the algebras we need to use the following Fierz identity. For spinors θ_1 and θ_2 of the same chirality,

(θ_1)^α(θ^β_2 )^t = − 1 16 (θ_2γ̄^μθ_1)(γ^μ)^{αβ} + 1 96 (θ_2γ̄_{μνρ}θ_1)(γ^{μνρ})^{αβ} − 1 3840 (θ_2γ̄_{μνρστ} θ_1)(γ^{μνρστ} )^{αβ} . (A.8) Another useful identity is M_{αβ} N_{γδ} = − 1 32 ( 2γ^μ_{αδ}(Nγ̄_μM)_{γβ} − 1 3 γ^{μνρ}_{αδ} (Nγ̄_{μνρ}M)_{γβ} + 1 120 γ^{μνρστ} αδ (Nγ̄^{μνρστ} M)_{γβ} ) , (A.9) with the understanding that free indices may be contracted with spinors of the same chirality.

B. Symmetry currents and closed string superalgebra

To explicitly evaluate conserved charges we need the τ components of the symmetry currents in lightcone gauge. We review these here; we refer to [6] for the σ components. We also change the normalization of the generators as follows

P^− = P^{−′} p^+

, J^{+I} = √ p^+J^{+I ′} , P^I = P^{I ′} √ p^+ , Q^{−I} = Q^{−I ′} √ p^+

. (B.1)

The primed charges are the one we use in this paper, but from now we drop the primes. The reason for the rescaling is that with the new normalization the algebra depends on m rather than μ and it is the former that enters as a parameter in the lightcone action. Furthermore, the extension of the algebra that we discuss in section 3 is linear in P^+ and non-singular when P^+ = 0 only with the new normalizations. Finally, with the new normalization the energy of string states are properly of the order of the string mass, whereas with the previous normalization there was an extra factor of 1/p^+.

The momenta are

P^{+τ} = p^+ ; P^{Iτ} = √ p^+(cos(mτ)∂_τ x^I + m sin(mτ)x^I ) . (B.2)

The rotation currents are

J^{+Iτ} = 1 √ p^+

(μ^{−1} sin(mτ)∂_τ x^I − p^+x^I cos(mτ)) ; J^{ijτ} = ( x^i∂_τ x^j − x^j∂_τ x^i − 1 2 i(θ^1γ^{−ij}θ^1 + θ^2γ^{−ij} θ^2) ) , (B.3)

– 37 – with a corresponding expression for J^{i′j′} . The lightcone hamiltonian is

P^{−τ} = p^+ ( ∂_τ x^− + i(p^+)^{−1}(θ^1γ̄^−∂_+θ^1 + θ^2γ̄^−∂_−θ^2) − μm(x^I )^2 − 4iμθ^1γ̄^−Πθ^2 ) . (B.4)

Using the Virasoro constraint, and the fermion field equations, we find that the onshell hamiltonian is H = −P^{−τ} = 1 2 ( (∂_τ x^I )^2 + (∂_σx^I )^2 + m^2(x^I )^2) + i(θ^1γ̄^−∂_τ θ^1 + θ^2γ̄^−∂_τ θ^2) ) . (B.5)

Closed string kinematical and dynamical supercharge currents are

Q^{+1τ} = 2 √ p^+γ̄^−(cos μx^+θ^2 + sin μx^+Πθ^1) ;

Q^{+2τ} = −2 √ p^+γ̄^−(cos μx^+θ^1 − sin μx^+Πθ^2) ;

Q^{−1τ} = 2(∂_−x^Iγ̄^I θ^1 − mx^Iγ̄^I Πθ^2) ;

Q^{−2τ} = 2(∂_+x^Iγ̄^I θ^2 + mx^Iγ̄^I Πθ^1) . (B.6)

Closed string worldsheet symmetries are

P^{1Iτ}_n = (∂_τ x^Iϕ̃_{−n} − x^I ∂_τ ϕ̃_{−n}) ; P^{2Iτ}_n = (∂_τ x^I ϕ_{−n} − x^I ∂_τ ϕ_{−n}) ; Q^{1τ}_{−n} = 2γ̄^−(θ^1 − id_nΠθ^2)c_nϕ̃_n ;

Q^{2τ}_{−n} = 2γ̄^−(θ^2 + id_nΠθ^1)c_nϕ_n , (B.7)

where ϕ_n(τ, σ) = e^{−i(wnτ +nσ)} , ϕ̃_n(τ, σ) = e^{−i(wnτ −nσ)} . (B.8) Open string symmetries are appropriate combinations of these as discussed in [6] and in the main text. In particular, the bosonic symmetries in the Neumann and Dirichlet directions, labelled by r and r^′ respectively are √ |ω_n|P^{rτ}_n = (∂_τ x^rf_n − x^r∂_τ f_n) ; √ |ω_n|P^{r′τ}_n = (∂_τ (x^{r′} − x^{r′}_0 (τ, σ))f̃_n − (x^{r′} − x^{r′}_0 (τ, σ))∂_τ f̃_n) , (B.9)

where f_n = e^{−iωnτ} cos(nσ) and f̃_n = −ie^{−iωnτ} sin(nσ). The Dirichlet zero modes x^{r′}_0 (τ, σ) are as given in (2.10) and (2.11).

The special kinematical supercharge symmetry current for the D_+ branes is given by

Q̂^{+τ} = 2 √ p^+γ̄^− (√ πm 2(e^{2mπ} − 1) e^{mσ} (P_+θ^1 + ΠP_+θ^2) +

+ √ πm 2(1 − e^{−2mπ}) e^{−mσ}(P_−θ^1 − ΠP_−θ^2) ) . (B.10)

– 38 –

The symmetry superalgebra of the pp-wave background is as follows. The commutators of the bosonic generators are^5

[P^−, P^I ] = im^2J^{+I} , [P^I , J^{+J} ] = iδ^{IJ} P^+ , [P^−, J^{+I} ] = −iP^I , [ P^i, J^{jk} ] = −i(δ^{ij} P^k − δ^{ik}P^j ) , [P^{i′} , J^{j′k′} ] = −i(δ^{i′ j′} P^{k′} − δ^{i′k′} P^{j′} ) , [ J^{+i}, J^{jk} ] = −i(δ^{ij} J^{+k} − δ^{ik}J^{+j} ), [J^{+i′} , J^{j′k′} ] = −i(δ^{i′ j′} J^{+k′} − δ^{i′k′} J^{+j′} ) , [ J^{ij}, J^{kl} ] = −i(δ^{jk}J^{il} + · · ·) , [J^{i′j′} , J^{k′l′} ] = −i(δ^{j′k′} J^{i′l′} + · · ·) , (B.11) where the ellipses denote permutations, whilst the commutation relations between the even and odd generators are [ J^{ij} , Q^± ] = − 1 2 iQ^±(γ^{ij} ) , [J^{i′j′} , Q^±] = − 1 2 iQ^±(γ^{i′j′} ) , [ J^{+I} , Q^− ] = − 1 2 iQ^+(γ^{+I} ) , [ P^I , Q^− ] = 1 2 mQ^+(Πγ^{+I} ) , [P^−, Q^+] = mQ^+Π , (B.12)

and the anticommutation relations are

{Q^+, Q̄^+} = 2P^+γ̄^− ,

{Q^+, Q̄^−} = (γ̄^−γ^+γ̄^I )P^I − im(γ̄^−γ^+γ̄^I Π)J^{+I} ,

{Q^−, Q̄^+} = (γ̄^+γ^−γ̄^I )P^I − im(γ̄^+γ^−γ̄^I Π)J^{+I} ,

{Q^−, Q̄^−} = 2γ̄^+P^− + im(γ^{+ij} Π)J^{ij} + im(γ^{+i′j′} Π^′)J^{i′j′} . (B.13)

It is useful to give the latter in terms of the real supercharges Q^+ = (−Q^{+2} + iQ^{+1})/ √ 2 and Q^− = (Q^{−1} + iQ^{−2})/ √ 2: {Q^{+1}, Q^{+1}} = {Q^{+2}, Q^{+2}} = 2γ̄^−P^+ ; {Q^{+1}, Q^{+2}} = {Q^{+2}, Q^{+1}} = 0 ;

{Q^{+1}, Q^{−2}} = −{Q^{+2}, Q^{−1}} = γ̄^−γ^+γ̄^I P^I ;

{Q^{+1}, Q^{−1}} = {Q^{+2}, Q^{−2}} = −mγ̄^−γ^+γ̄^I ΠJ^{+I} ;

{Q^{−2}, Q^{+1}} = −{Q^{−1}, Q^{+2}} = γ̄^+γ^−γ̄^I P^I ; {Q^{−1}, Q^{+1}} = {Q^{−2}, Q^{+2}} = mγ̄^+γ^−γ̄^I ΠJ^{+I} ;

{Q^{−1}, Q^{−1}} = {Q^{−2}, Q^{−2}} = 2γ̄^+P^− ;

{Q^{−2}, Q^{−1}} = −{Q^{−1}, Q^{−2}} = m(γ^{+ij} ΠJ^{ij} + γ^{+i′j′} Π^′J^{i′j′} ) . (B.14)

5Notice our rotational generators differ from the ones in [4] by a factor of i.

– 39 –

C. Mode expansions for closed strings

In our conventions the closed string mode expansions are given by

x^I (σ, τ) = cos(mτ)x^I_0 + m^{−1} sin(mτ)p^I_0 + i ∑ n≠0 ω^{−1}_n ( α^{1I}_n ϕ̃_n + α^{2I}_n ϕ_n ) ;

θ^1(σ, τ) = θ^1_0 cos(mτ) + Πθ^2_0 sin(mτ) + ∑ n≠0 c_n ( id_nΠθ^2_nϕ_n + θ^1_nϕ̃_n ) ;

θ^2(σ, τ) = θ^2_0 cos(mτ) − Πθ^1_0 sin(mτ) + ∑ n≠0 c_n ( −id_nΠθ^1_nϕ̃_n + θ^2_nϕ_n ) , (C.1)

where the expansion functions are given in (B.8). After canonical quantization we get the following (anti)commutators

[p^I_0, x^J_0 ] = −iδ^{IJ} , [α^{II}_m , α^{J J}_n ] = 1 2 ω_mδ_{n+m,0}δ^{IJ} δ^{IJ} , {θ^I_0 , θ^J_0 } = 1 4 (γ^+)δ^{IJ} , {θ^I_m, θ^J_n } = 1 4 (γ^+)δ^{IJ} δ_{m+n,0} , (C.2)

where I = 1, 2. It is convenient to introduce creation and annihilation operators

a^I_0 = 1 √ 2m (p^I_0 + imx^I_0) , ā^I_0 = 1 √ 2m (p^I_0 − imx^I_0) , [ā^I_0, a^J_0 ] = δ^{IJ} . (C.3)

Expressed in terms of these modes the spacetime charges are

P^+ = p^+ , P^I = √ p^+p^I_0 , J^{+I} = −x^I_0 √ p^+ ,

Q^{+1} = 2 √ p^+γ̄^−θ^2_0 , Q^{+2} = −2 √ p^+γ̄^−θ^1_0 . (C.4)

Note that the complex Q^+ appearing in the closed string algebra is

Q^+ = 1 √ 2 (iQ^{+1} − Q^{+2}) = 2 √ p^+γ̄^−θ_0 . (C.5)

The rotation charges are

J^{IJ} = −i a^I_0ā^J_0 − a^J_0 ā^I_0 + 1 2 ∑ I=1,2 θ^I_0 γ^{−IJ} θ^I_0 −

− i ∑ I=1,2 ∑ n>0 ( 2ω^{−1}_n (α^{II}_{−n}α^{IJ}_n − α^{IJ}_{−n}α^{II}_n ) + θ^I_{−n}γ^{−IJ} θ^I_n ) . (C.6)

The hamiltonian is H = 1 2 (p^2_0 + m^2x^2_0) + 2im(θ^1_0γ̄^−Πθ^2_0) + ∑ I=1,2 ∑ n≠0 (α^{II}_{−n}α^{II}_n + ω_nθ^I_{−n}γ̄^−θ^I_n). (C.7)

– 40 –

Finally the dynamical supercharges take the form

Q^{−1} = ( (2p^I_0γ̄^I θ^1_0 − 2mx^I_0γ̄^I Πθ^2_0) +

+ ∑ n>0 ( 4c_nα^{I1}_{−n}γ̄^I θ^1_n + 2im ω_nc_n α^{2I}_{−n}γ̄^I Πθ^2_n + h.c. ))

Q^{−2} = ( (2p^I_0γ̄^I θ^2_0 + 2mx^I_0γ̄^I Πθ^1_0) +

+ ∑ n>0 ( 4c_nα^{I2}_{−n}γ̄^I θ^2_n − 2im ω_nc_n α^{1I}_{−n}γ̄^I Πθ^1_n + h.c. )) (C.8)

The complex Q^− appearing in the algebra is (Q^{−1} + iQ^{−2})/ √ 2. References

[1] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, J. High Energy Phys. 01 (2002) 047 [hep-th/0110242].

[2] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Penrose limits and maximal supersymmetry, Class. and Quant. Grav. 19 (2002) L87 [hep-th/0201081]; M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Penrose limits, supergravity and brane dynamics, Class. and Quant. Grav. 19 (2002) 4753 [hep-th/0202111].

[3] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and PP waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[4] R.R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B 625 (2002) 70 [hep-th/0112044].

[5] R.R. Metsaev and A.A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond-Ramond background, Phys. Rev. D 65 (2002) 126004 [hep-th/0202109].

[6] K. Skenderis and M. Taylor, Open strings in the plane wave background, I. Quantization and symmetries, hep-th/0211011.

[7] M. Billó and I. Pesando, Boundary states for GS superstrings in an Hpp wave background, Phys. Lett. B 536 (2002) 121 [hep-th/0203028].

[8] K. Skenderis and M. Taylor, Branes in AdS and pp-wave spacetimes, J. High Energy Phys.

06 (2002) 025 [hep-th/0204054].

[9] A. Dabholkar and S. Parvizi, Dp-branes in pp-wave background, Nucl. Phys. B 641 (2002) 223 [hep-th/0203231].

[10] O. Bergman, M.R. Gaberdiel and M.B. Green, D-brane interactions in type-IIB plane-wave background, J. High Energy Phys. 03 (2003) 002 [hep-th/0205183].

[11] P. Bain, K. Peeters and M. Zamaklar, D-branes in a plane wave from covariant open strings, Phys. Rev. D 67 (2003) 066001 [hep-th/0208038].

– 41 –

[12] M.R. Gaberdiel and M.B. Green, The d-instanton and other supersymmetric D-branes in IIB plane-wave string theory, hep-th/0211122; D-branes in a plane-wave background,

hep-th/0212052.

[13] M.B. Green and J.H. Schwarz, Superstring interactions, Nucl. Phys. B 218 (1983) 43. [14] M.B. Green, J.H. Schwarz and L. Brink, Superfield theory of type-II superstrings, Nucl. Phys.

B 219 (1983) 437.

[15] M.B. Green and J.H. Schwarz, Superstring field theory, Nucl. Phys. B 243 (1984) 475. [16] M. Spradlin and A. Volovich, Superstring interactions in a PP-wave background, Phys. Rev.

D 66 (2002) 086004 [hep-th/0204146].

[17] M.B. Green and M. Gutperle, Light-cone supersymmetry and D-branes, Nucl. Phys. B 476 (1996) 484 [hep-th/9604091].

[18] C.G. Callan Jr., C. Lovelace, C.R. Nappi and S.A. Yost, Adding holes and crosscaps to the superstring, Nucl. Phys. B 293 (1987) 83.

[19] J. Polchinski and Y. Cai, Consistency of open superstring theories, Nucl. Phys. B 296 (1988) 91. [20] C.G. Callan Jr., C. Lovelace, C.R. Nappi and S.A. Yost, Loop corrections to superstring equations of motion, Nucl. Phys. B 308 (1988) 221.

[21] Y. Hikida and S. Yamaguchi, D-branes in PP-waves and massive theories on worldsheet with boundary, J. High Energy Phys. 01 (2003) 072 [hep-th/0210262].

[22] P. Lee and J.-w. Park, Open strings in PP-wave background from defect conformal field theory, Phys. Rev. D 67 (2003) 026002 [hep-th/0203257].

[23] D. Berenstein, E. Gava, J.M. Maldacena, K.S. Narain and H. Nastase, Open strings on plane waves and their Yang-Mills duals, hep-th/0203249.

[24] N.R. Constable, J. Erdmenger, Z. Guralnik and I. Kirsch, Intersecting D3-branes and holography, hep-th/0211222.

[25] D.Z. Freedman, K. Skenderis and M. Taylor, Worldvolume supersymmetries for branes in plane waves, hep-th/0306046.

– 42 –